Arithmetic Hirzebruch Zagier cycles 

by 

Stephen S. Kudla^ 
and 

o\ ; 

^ I Michael Rapoport 

U 

< 



Introduction. 



O: In this paper and its companion [12], we establish a relation between part of the 



height pairing of special cycles on a Shimura variety associated to an orthogonal 
group of signature (n — 1, 2) and special values of derivatives of Fourier coefficients 
of certain Siegel Eisenstein series of genus n in two new cases. Our results provide 
some evidence in favor of the general program set forth in [11], where the case of 
. , Shimura curves was analyzed. In [12], we considered the case of (twisted) Siegel 

rn . threefolds {n = 4) while, in the present paper, we are concerned with the case of 

O ' (twisted) Hilbert-Blumenthal surfaces ( n = 3 ). 

O 

0^ ■ For these surfaces, the special cycles include the modular and Shimura curves stud- 

^ I ied extensively by Hirzebruch and Zagier (comp. [5], [2]). Among other things, they 

. showed that a generating function for the intersection numbers of such curves is an 

S ■ elliptic modular form of weight 2 . The Hirzebruch- Zagier curves also account for 

, ^ ■ all Tate classes on such surfaces rational over abelian extensions of Q , [4] . Thus 

^1 it is of interest to investigate the arithmetic analogues of these cycles on integral 

. , models of such surfaces, which are arithmetic threefolds. 

The canonical model M over Q of a Hilbert-Blumenthal surface is defined as a 
moduli space of abelian varieties with real multiplications, and the Hirzebruch- 
Zagier curves on M can be defined as the loci where the abelian variety admits 
an extra endomorphism of a particular type, a special endomorphism. For a prime 
p of good reduction, a model Ai of M over Z(-p) can be defined by a moduli 
problem. We then consider a modular extension 2 to A1 of a Hirzebruch- Zagier 
curve Z on M , again defined by imposing a special endomorphism. These are the 
arithmetic Hirzebruch- Zagier cycles of the title. More generally, one can consider 
the loci where the abelian variety carries several special endomorphims. If two 
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independent endomorphisms are imposed one obtains points on the generic fiber 
M and curves on . If three independent endomorphisms are imposed, then the 
associated cycle Z is supported in the special fiber, but need not have dimension 

! In fact, it is sometimes possible to impose 4 independent special endomorphisms 
and still have a nonempty locus, which may have dimension or 1 . 

It turns out that the case where p splits in the real quadratic field differs radically 
from the case where p is inert. The first case is similar to the case of modular 
curves, and in this case a special cycle Z cut out by three independent special 
endomorphisms consists of a finite number of points. The more interesting case is 
when p is inert. In this case, we determine the precise conditions which ensure 
that Z consists of a finite number of points. 

For either type of p , when Z is an Artin scheme, we show that its length coincides 
with the derivative at s = , the center of symmetry, of a Fourier coefficient of a 
Siegel Eisenstein series of genus 3 (Theorem 7.3 and Theorem 11.5). This result, 
which generalizes Theorem 3 of [14], is connected with local height pairings as 
follows. Suppose that Zi (resp. Z2 ) is an arithmetic cycle defined by imposing 

1 (resp. 2 ) special endomorphisms. The intersection of Zi and Z2 is then the 
locus where a triple of endomorphisms is imposed, although the relative position 
of the first with respect to the second two is no longer specified. The locus where 
the triple is independent is then a finite union of special cycles Z^ . The sum of 
the lengths of the corresponding local rings then gives the local contribution to the 
height pairing at p for the cycles Zi and Z2 on the generic fiber, i.e., for a curve 
and a point on a Hilbert-Blumenthal surface. In fact, for this interpretation one 
must assume a conjecture explained in [12] concerning the vanishing of Tor terms 
in the intersection multiplicity. The case of a height pairing of a triple of curves 
can be handled in the same way. These results generalize Theorem 14.11 of [11]. 

We now give a more precise discussion of our results. 

The twisted Hilbert-Blumenthal surfaces can be viewed as the Shimura varieties 
associated to certain rational quadratic forms. Let (V, Q) be a quadratic space of 
signature (2,2) over Q. The even part C~^{V) of the Clifford algebra C{V) is 
the base change of an indefinite quaternion algebra Bq over Q to a real quadratic 
extension fc of Q . We will constantly use the exceptional isomorphism 



(1.1) 



GSpin(K) = G{Q) = {ge C+{V)''; v{g) e Q^} 
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Here (I.l) is the group of Q -rational points of an algebraic group G over Q to 
which there is associated a Shimura variety with complex points given as follows: 



Here K is a compact open subgroup of the finite adele group G{Af) and V is 
the space of oriented negative 2 -planes in V{M.) . This is a twisted version of a 
Hilbert-Blumenthal surface. In the degenerate case fc = Q®Q, M is a product of 
two modular curves; when fc is a field and Bq = M2(Q) , M is the usual Hilbert- 
Blumenthal surface associated to k. The Shimura variety (1.2) is the moduli 
space of principally polarized abelian varieties of dimension 8 with level structure 
which are equipped with an action of C{V) satisfying certain compatibilities. 
Let us fix a prime number p for which there exists a self-dual Z(p-) -lattice A 
in V{Q) (good reduction condition). We will always take K to be of the form 
K = KP.Kp where Kp C G'(Qp) is the stabilizer of A and where RP C G'(AJ) is 
sufficiently small. The modular interpretation of the Shimura variety then allows 
us to construct a smooth model A4 of (1.2) over SpecZ(p) . 

Hirzebruch and Zagier have defined special curves on Hilbert-Blumenthal surfaces. 
Expressed in adelic language, a prototype of such a curve is given by the inclusion 
of Shimura varieties 



Here Bq is as before an indefinite quaternion algebra over Q , Kq is a compact 
open subgroup of the finite adeles -Bq A/ -^o is the space of oriented negative 
2 -planes in Vq (M) , where Vq is the space of trace zero elements in Bq . In [4] 
the Hirzebruch-Zagier cycles are defined as the images of (1.3) under the Hecke 
correspondences defined by elements in G{Af) . Note, however, that Hirzebruch 
and Zagier do not use the adelic language and that their definition of these cycles 
is different. 

In the present paper, we use yet another version of these cycles. As indicated above, 
we define the special cycles in a modular way by imposing special endomorphisms 
on the abelian varieties parametrized by Ai . Here an endomorphism is special if 
it is self-adjoint for the Rosati involution and if it Galois commutes with the action 



of C{V) k, 

(1.4) L{c0a)oj = joL(c0a'') , c E G{V), a e k; < a > = Gal(/c/Q) . 



(1.2) 



M{C) = Sh{G,V)K = G{Q)\[VxG{Af)/K] . 



(1.3) 



Sh{B^,Vo)Ko-^Sh{G,V)K . 
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The space of special endomorphisms is a finitely generated free Z(p) -module 
equipped with the quadratic form Q given by 

f = Q{j) ■ 1. 

For T G Sym^(Z(p))>o and a -invariant open compact subset u C V{Kf)'^ 
(with a certain integrality property at p), we define as in [12] a special cycle 
Z{T,u}) by imposing an n -tuple j of special endomorphisms with (5(j) = T and 
satisfying a compatibility condition with ui . If det(T) 7^ , the generic fibre of 
Z{T, u) is a cycle of codimension n on the Hilbert-Blumenthal surface. For n = 1 
we essentially obtain the classical Hirzebruch-Zagier curves. As in [12] our aim is 
to study the structure of these cycles and their intersection behaviour. 

Let us fix positive integers ni, . . . , with ni + . . .+nr = 3 . For each i = 1, . . . , r 
we choose G Sym^. (Z(p))>o and Ui C V{Af)'^^ as above. We form the fibre 
product of the corresponding special cycles, 

(1.5) Z = Z{Ti,UJi)XM---XM2{Tr,0Jr) . 

As in [12] we have a disjoint sum decomposition according to the value of the 
fundamental matrix 

(1.6) Z^ H Z{T,u;) 

TeSym3(Z(p))>o 
diag(T) = (Ti,...,T,) 

Here lv — lvi x . . . x Ur ■ Concerning this decomposition we have the following 
results. Let T G Sym3(Z(p))>o . 

Theorem 1. // detT 7^ 0, then Z{T,uj) lies purely in characteristic p and 
consists only of supersingular points. 

Theorem 2. Suppose that detT 7^ . If p is split in k, then Z{T,uj) is a union 
of isolated points. If p is inert in k, then Z{T,uj) is a union of isolated points if 
and only if T ^ modp . 

Suppose that detT 7^ and that T ^ Omodp when p is inert in k. Define 
<Z{T,uj)>p= Yl ^9{Oz 

^eZ(T,a;)(Fp) 
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In sections 7 and 11, we define a certain Siegel-Eisenstein series E{h,s,^) on 
Spq{A) depending on uj which vanishes at s = , the center of the critical 
strip. Our next result concerns the Fourier coefficients (/i, 0, $) of the deriv- 
ative -E"(/i, 0, $) at this point. 

Theorem 3. For T as above and for h E Spq{M.) , 

E'rrih, 0, = • C • log(p)- < Z{T, uj) >p -W^ih), 

where C is a volume factor and W^{h) is a standard archimedean Whittaker 
function. 

As explained above, via the decomposition (1.6), Theorems 1-3 have a direct bearing 
on the problem of intersection multiplicities of special cycles. The proofs here are 
quite similar to those in [12] and in fact easier since we are here in one dimension 
less. Ultimately, as in loc. cit., we rely for the proof of Theorem 3 on the results 
of Gross and Keating, [3] , on deformations of homomorphisms of one-dimensional 
formal groups and of Kitaoka, [8], on local representation densities of quadratic 
forms. 

These results for varying p can be combined. In fact we define a moduli problem 
represented by a scheme over Spec '^[jj^] , for a suitable integer N , and special 
cycles Z{T,(jJn) on it, whose base change to Spec Z(p) are the cycles discussed 
above. Theorem 3 then shows that part of the Fourier expansion of E'{h,0,^) is 
a generating series for the degrees of certain of these cycles. In light of the result 
of [14] , one might hope that the whole Fourier series has an interpretation of this 
kind. 

The previous three theorems focus on the supersingular locus of the Hirzebruch- 
Zagier cycles. However, we also obtain a more global view of their geometry. Us- 
ing the well known list of isogeny types in the special fiber, we are able to enu- 
merate those that meet the image of a special cycle. Specifically, suppose that 
T e Sym^(Z(p)) with det(T) 7^ . If n = 3 , the corresponding special cycle 
Z{T, (jj) lies entirely in the supersingular locus, while if n = 2 , the special cycle 
can meet at most one additional isogeny class, uniquely determined by T . Further- 
more, a non-supersingular point of A4 in characteristic p is ordinary and we may 
use the Serre-Tate deformation theory to investigate the local structure of special 
cycles along the ordinary locus. Again it turns out that the divisibility of T by p 
is decisive. 
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Theorem 4. Let Z{T,u!)°^^ be the ordinary part of the special fiber of the cycle 
Z{T,oj). 

(i) Suppose that n = 1, i.e., that T G Z(p) >o • Then locally at each point, 
Z{T,u)°^^ is the p^^^pC^^ -fold multiple of a smooth divisor. 

(a) Suppose that n = 2, i.e., that T G Sym2(Z(p))>o • Then Z{T,uj)°^'^ is an 
Artin scheme of length pOi'dp(det(T)) g^^^ finitely many points. 

Note that by Theorem 1, if T G Symn(Z(p))>o with n > 3, then Z{T,uj)°"^ is 
empty. 

Now suppose that p is inert in k and that p\T . Then by Theorem 2, the special 
cycle Z{T, lu) cut out by three independent special endomorphisms has dimension 
1 (case of excess intersection). The supersingular locus of Ai is a union of pro- 
jective lines, [18], and Z{T,ij) is a union of certain of these. We give a complete 
enumeration of the lines in Z(T,u)) in terms of the Bruhat-Tits building B of 

Gad{%) - PGL2{Qp2) . 

Theorem 5. Suppose that T = diag(£:ip°'i , £2P"^, ^sP"^) , where Si G and 
< ai < 02 < as . Associated to T is a triple P = {^1,^2,^3) of anticommuting 
automorphisms of B . Then, the dual graph to any connected component of Z{T,u>) 
is the set of points in B which satisfy 

d{x,B^^) < ^(a,- 1) 1^1, 2, 3, 

where d{x,B^'') is the distance from x to the fixed point set of Pi. In par- 
ticular, the number of irreducible components of each connected component is the 
number of vertices \T{P)o\ of B lying in the intersection of these tubes, with speci- 
fied radii, around the three fixed point sets. Furthermore, each connected component 
consists of a single projective line if and only z/ ai = 02 = 1 and as is odd, and, 
in addition, = 1 if —£2 ^ • 

An explicit formula for the number \T{P)o\ can be obtained in general by a combi- 
natorial effort, of. for example, (8.19) and (8.25). On the other hand, |T(j3)o| can 
be computed as a twisted orbital integral, (8.30), and this integral can be expressed, 
in turn, as a representation density of quadratic forms! Combining these facts, we 
obtain the formula (Theorem 8.15) 



(1.7) 



\T{P)o\ = {l-p-^)-'-ap{S,p-'T), 
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which can be viewed as giving an exphcit formula for the representation density on 
the right hand side. Such exphcit formuh are of independent interest. Since the 
number of connected components can also be given as an orbital integral, we obtain 
the following result (Proposition 8.17): 

n Q\ „/ irreducible components \ UTr\-i r^rt { "\ r> t p\ 

(1.8) #1 ofZ(T,a;) | = 2 ■ vol(K) ■ TOt{^p) ■ Orif'}). 

This formula is reminiscent of the expressions arising for the number of points of 
Shimura varieties over finite fields. It also suggests that there may be a modular 
generating function for the numbers of such components. 

In the case where p is inert and p\T , it is an important open problem to find an 
analogue of Theorem 3 giving the contribution of Z{T,uj) to an intersection mul- 
tiplicity. A result of this type was obtained in [13] in the somewhat analogous case 
of bad reduction of Shimura curves. Note, however, that the p-adic uniformization 
which is available there is not available in our present case. The first degener- 
ate cases that could be investigated are those where each connected component of 
Z{T, (jj) is a single projective line, as described in Theorem 5. 

A similar analysis of the irreducible components of the degenerate cycles can be 
done in the Siegel case, to which we return in section 9. Here again, the projec- 
tive lines in the supersingular locus lying in the image of a special cycle can be 
described in terms of the building of Gad{Qp) where G is now a rank 1 twisted 
form of the symplectic group of rank 2 over Qp . The description of the irreducible 
components again involves an analysis of the fixed point sets of certain anticom- 
muting involutions, but this analysis is now considerably more complicated, and 
we draw heavily on the work of Kaiser on fixed point sets of tori in the building 
[6] . Nevertheless, we obtain a rather complete description. For example. Proposi- 
tion 9.8 gives the precise conditions on T under which each connected component 
of a degenerate cycle (now associated to a 4 -tuple of special endomorphisms) is 
irreducible - the analogue of the last statement of Theorem 5. The same method 
also works in the case of p -adic uniformization [13] . In all of these cases, the fact 
that rkq^Gad = 1 seems absolutely crucial. 

It seems to us that our results on degenerate special cycles constitute only the 
beginning of a circle of very interesting problems. This also explains the different 
and much more open-ended nature of this paper from its companion [12]. We hope 
that it can serve as a basis of further investigations. 
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We now give an overview of the structure of this paper. Section contains pre- 
hminaries on hnear algebra, in particular the exceptional isomorphism mentioned 
above. In section 1 we define the Shimura variety, the associated moduli problem 
and introduce the special cycles. In section 2 we extend these concepts to construct 
a model at a prime of good reduction. From this point through section 10, we 
assume that p is inert in k. Section 3 contains an enumeration of the isogeny 
classes in the special fibre of M. and their corresponding Q -vector spaces of spe- 
cial endomorphisms. Section 4 is a presentation of the results of Stamm [18] on 
the structure of the supersingular locus of Al x Spec Z(p) Spec ¥p . In section 5 we 
determine the Zp -module of special endomorphisms of a supersingular Dieudonne 
module. This is then used in section 6 to prove our first main result (Theorem 
6.1) which characterizes the special cycles with isolated supersingular points, cf. 
Theorem 2 above. In this section we also determine (by reduction to the theorem 
of Gross/Keating) the length of the local ring at an isolated point of a special cy- 
cle. Section 7 gives the relation to Eisenstein series and proves Theorem 3 above 
(Theorem 7.3 and Corollary 7.4). In section 8 we give the analysis of the set of 
irreducible components of Z(T, w) n Al** and in section 9 we treat the analogous 
question in the Siegel case. In section 10 we consider the ordinary locus of special 
cycles. We also investigate the compactness property of special cycles. In section 
11, we consider the case of a prime p which splits in fc . In section 12, we consider 
special cycles on a moduli scheme over Spec and the generating function for 

their degrees. The final section 13 contains some remarks on the interrelation of 
the special cycles in the various moduli problems considered in our series of papers 
[11], [12], [13], [14]. 

In conclusion we wish to thank Ch. Kaiser for considerable help with section 9. In 
particular, he corrected some errors in an earlier version and indicated to us how to 
obtain more complete results. We also thank A. Langer for interesting conversations 
on Hirzebruch-Zagier cycles. Stephen Kudla would like to thank the University of 
Cologne for its hospitality during June 1997. Michael Rapoport would like to thank 
the University of Maryland for its hospitality during March 1998. The support of 
the NSF and the DFG is gratefully acknowledged. 
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Notation: We use Zp2 = 14^(Fp2) , the ring of Witt vectors of the finite field Fp2 
and Qp2 = Zp2 (g)^^ Qp . We fix a unit A e - Z^'^ and write 

By X we denote the quadratic residue character on Z^ resp. . We also let F be 
a fixed algebraic closure of Fp , W = W{¥) , its ring of Witt vectors, K, = W <Sii,Q 
the quotient field of W and a their Frobenius endomorphism. 

§0. Preliminaries on linear algebra. 

In this section we begin by collecting some facts about the Clifibrd algebras of 
4 -dimensional quadratic spaces over a field F which will be used in the rest of 
the paper. In particular we will give a realization of the accidental isomorphism 
mentioned in the introduction, (I.l), comp. [1], pp. 31-33. We then specialize to 
the case F = Q. When the signature of V is (2, 2) , we construct the data needed 
to attach a Shimura variety to V . 

Let (y, Q) be a quadratic space of dimension 4 over a field F of characteristic 
not 2 and let C{V) = C+{V) C-{V) be its Clifford algebra. For a choice 
of an orthogonal basis vi,... ,V4 of V over F, with Q{vi) = ai , the element 
S = V1V2V3V4 e C+(K) satisfies = a\a2aza4^ . Up to multiplication by an element 
of , 6 is independent of the choice of basis and det{V) := 6'^ e px ^px,2 
depends only on V . The algebra k := F{5) is the center of B := C~^{V) and 
S is a quaternion algebra over k. Let t be the main involution of C{V) which 
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reduces to the identity on the elements of C C~{V) . Then l fixes 6 and 
hence induces the identity on k. Furthermore it is obvious that the +1- resp. 
— 1 -eigenspaces of the action of t on C~{V) are given by 

span{vi,V2,vs,V4} , resp. span{?;2t;3i^4, i^ii'3'J^4, ■yii'2i'4, 'i'ii'2i^3} • 
Hence we can recover V from C{V) as follows. 

Lemma 0.1. 



where v denotes the spinor norm. □ 

Lemma 0.2. Let vq E V with Q{vq) = a ^ . Let a = Ad(i;o) denote the 
adjoint automorphism of C{V) induced by vq . 



such that B :^ Bo <S>F k . 

Proof. We may suppose that Vq = (by rechoosing our basis if necessary). The 
relation Svq — —vqS is then obvious. To check (ii), consider the basis 



for B . Since voVi = —ViVo , for i = 1, 2, 3 , it is clear that Bq is the span of the 
first 4 basis vectors, and that B = Bq ®f E . Also, note that 



V = {xe C-{V); x' = x} . 



Furthermore, for x E V , 



Q{x) = x^ = X ■ x'' = i'{x) , 




1, i = viV2, j = V2V3, k^ij ^ a2ViV3, 6, Si, Sj, 5k 



(0.1) 



Bq = {-aia2, -a2as), 



the cyclic algebra over F . □ 



We introduce the algebraic group G over F with 



(0.2) 



G{R) = {ge{B0FR)'<; v{g) = g ■ e R""} 
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for any F -algebra R . Fix vq E V with a — Q{vo) ^ and let again a = Ad(fo) . 
Let 

(0.3) V = {xeB; x' = x^} . 

Then G acts on V via 

g : X ^ g ■ X ■ g~'^ , x &V . 

Indeed, 

{gxg-^' = {g-n' ■ ■ 9' 

= iy{g)-' ■ g^ ■ x'' ■ g^ 

= g''-x^-g-' 
= {9xg-''Y . 

On V we have the quadratic form defined by 

(0.4) Q{x) = x-x'' = x-x' = v{x) . 

This quadratic form is preserved by G , 

Q{gxg-'') = gxg-'' ■ {g'^x'^g-^) = Q{x) . 

Lemma 0.3. The map x ^ x ■ vq induces an isometry 

iy,aQ)^{V,Q) . 
Under this isometry the group G is identified with GSpin(y, Q) . 

Proof. In terms of the basis of B used in the proof of Lemma 0.2, V is spanned 
by 1, 5k . Hence the map is a linear isomorphism from V to V . For x eV , 

(x ■ vq)'^ = xvq ■ xvq = xx'^ ■ Vq = a Q(x) , 

hence the map is an isometry. Under this map the action of G on F gets carried 
into the usual conjugation action on F . In particular, V is automatically preserved 
by this action. This proves the last assertion. □ 
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Remark 0.4. Thus, we see that, starting with the quadratic space V and a non- 
isotropic vector vq &V with a — Q{vo) , we obtain a quaternion algebra Bq with 
C~^{V) — -Bo ®F k. Conversely, let fc be a semisimple F -algebra of dimension 
2 with Galois automorphism a . Let Bq be a quaternion algebra over F and let 
B = Bq ®F k , with automorphism a = id.® a . Now choose a e and define 
an algebra C of dimension 16 over F by 



with the relations VQ = a and v^h = b'^vo , for all b E B . Extend the involution 
L by Vq = vq and the automorphism a by Vq = vq . Finally, let 



with quadratic form Q{x) = x"^ . Then starting with {V,vo) we recover Bq and 
cr and these two constructions are inverse of one another in an obvious way. 

From now on we take F = Q and assume that the signature of V is (2, 2) . There 
is a Shimura variety associated to such a y , as we now explain. 

The choice of signature implies that > , so that fc is a real quadratic field or 
Q © Q , and that S is a totally indefinite quaternion algebra over k . 

Lemma 0.5. Let vq & V with Q{vq) = a > with associated fixed algebra Bq , 
as above. Let r e B^ with r'' = —r and < . Then the involution 



is a positive involution of CiV) . 

Proof. Since B is totally indefinite, if t E B^ with t'' = —t and « (totally 
negative), then the involution b ^ Tb''T~^ is a positive involution of i? . If now 



a > and r e Bq with r'- — — r and < , then 
tr°((&i + b2Vo) r{bi + b2VQyT-^) - tr°(6i rb^r'^) + atr°(62 rb'^r'^) » . □ 



Let Uq = C{V) , viewed as a Q -vector space of dimension 16 , and define 



C = B{vq) , 



B ■ Vq; x'' — x} , 



X ^ X* = TX''T 



-1 




i{c (g) a)x = cxa. 
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Define a nondegenerate, Q -valued, alternating form on Uq by 
(0.5) <x,y>= tT^y'Tx), 

where tr° denotes the reduced trace on C{V) . Then 
(0.6) < i{c a)x, y > = < X, i{c* (8) a)y > . 

Note that a ^ c* ® a is a positive involution of C (E) k ■ Moreover, the action 
of G = GSpin(y) on Uq by right multiplication commutes with the action of 
C{V) ® fc, and preserves the form < , > up to a scalar: 

< xg, yg> = tr^ig'y'-Txg) 
= tv^{ggYrx) 
= I'ig) <x,y>, 

where h'{g) — gg'' . 

Let End(t/(|,z) denote the commutant of i{C{V)®k) in End(t/Q) . Let V be the 
space of oriented negative 2 -planes in V(R) . For z & T> with properly oriented 
orthogonal basis zi ,Z2 ■, with Q{zi) = —1, let jz — z\Z2 G C"'"(V)k- Then 
= — 1 , and there is an algebra homomorphism 

(0.7) /i^ :C^End(t/K,z)°P 

such that hz{\f—^) = rijz) is right multiplication by jz ■ Note that G(R) is a 
subgroup of the invertible elements in End(?7K, z)°p . Via (0.7), the space T> can 
be identified with a G(R) -conjugacy class of homomorphisms hz : G(R) 
satisfying the axioms required to define a Shimura variety Sh{G, V) . This variety 
has a canonical model over the reflex field E{G, V) . 

Fix a point zq eV and let Uc = Ui®U2 be the ±\/^ eigenspaces of hzQ{\/—l) ■ 
The reflex fleld E{G,V) is then the field of definition of the isomorphism class of 
Ui as a complex representation of C(V^) fc. 

Lemma 0.6. (i) E{G,V) = Q. 
(a) For c e C{V) and a e k, 



det(i(c0a);C/i) = N\cfNk/Q{a)\ 
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Proof. The space V has a Q -basis vi, . . . ,V4 such that the matrix for the qua- 
dratic form is diag(ai, 02, 03, 04) , with ai , 02 > and as, 04 < . Let 
Zj = '^j ^® oriented negative 2 -plane spanned by zs and 

2:4 . The element jz lies in C~^{V) Cg> 0(^^0304) , and the ±\/^ eigenspace of jz 
on Uc = C{V) (8>(Q) C is preserved by any automorphism of C which is trivial on 
0(^/0304, a/— 1) . In fact, for any automorphism a of C , we have either Ui = Ui 
or Ui — U2 ■ But there is an clement h G 5'0(y)(]R) which acts by h : Zi ^ Z2 , 
and h : Zs ^ Z4^ . There is an clement g G G{M.) = GSpin(y)(]R) whose action 
on V by conjugation is h . Since gjz = —jzd , the action of g on Uc by right 
multiplication switches the cigenspaces Ui and U2 , and commutes with the ac- 
tion of C{V)^k. Thus Ui and U2 are isomorphic as complex representations of 
C{V) ® fc, and the reflex field is indeed Q . Also, since C{V)c ^ M4(C) , 

det(z(c® a);t/c) = N^{c)^Nk/q{af = det(z(c a); C/i)^. □ 



§1. Quaternionic Hilbert-Blumenthal surfaces and special cycles. 

In this section we construct the quaternionic Hilbert-Blumenthal surfaces Sh{G, V) 
as moduli spaces over Q . We then define the special cycles, of codimension 1 or 
2 , on them by imposing additional special endomorphisms analogous to those in 
the companion paper [12]. For the standard Hilbert modular surfaces, we recover 
the Hirzebruch-Zagier curves. 

We continue with the notation of the end of the last section. In particular (V, Q) 
is a quadratic space over Q of signature (2, 2) and r E B = C'^{V) is an element 
with T*" = — T and G Q with < . The map a; 1— > = tx''t~^ is a positive 
involution of C{V) . 

We fix a compact open subgroup K of G{Af) and consider the following moduli 
problem over Q . It associates to a scheme S G Sch/Q the set of isomorphism 
classes of 4-tuples {A, A, t, ff) , where 

(i) A is an abelian scheme over 5 , up to isogeny, 

(ii) A : A ^ , is a -class of polarizations on A , 

(iii) L : C{V) <Si k — End°(^) is a homomorphism such that 

l{c ® a)* = i{c* a), 

for the Rosati involution of End°(^) and the involution * of C{V) intro- 
duced above, and 
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(iv) r; is a X -equivalence class of C{V) ® fc-equivariant isomorphisms 




(1.1) det(6(c ® a); Lie(A)) = N^icfNk/qia)'^. 



In particular, A has relative dimension 8 over S . 

For K C G{Af) sufficiently small, this moduli problem is represented by a smooth 
quasi-projective scheme M = Mx over Q. If B = C~^{V) = End(t/Q,z)°P is a 
division algebra, then M is in fact projective. Also, in general, M is a canonical 
model of the Shimura variety Sh{G, h)K , and 



where V is the space of oriented negative 2 -planes in V{M.) , as in section above. 

In the case where fc is a (real) quadratic field and B = M2{k) , M(C) is a (union 
of) Hilbert-Blumenthal surfaces. If S is a division algebra, then M(C) is a (union 
of) quaternionic Hilbert-Blumenthal surfaces. In the most degenerate case, when 
V is split over Q , we have = Q Q and B = M2(Q) x M2(Q) , and M(C) is 
a product of modular curves. 

Next, we construct certain algebraic cycles on these varieties. 

Definition 1.1. A special endomorphism of Uq is an element j e End(t/Q) such 
that, for a & k and c e C{V) , 

(sp.l) i{c ® a) o j — j o i(^c ® a"^), 



where * denotes the adjoint with respect to < , > , cf. (0.6). 

Since 5v = —v6 for all v E V , any endomorphism of Uq satisfying the first 
condition in Definition 1.1 is given by right multiplication by an element of C~ {V) . 
Note that, for any c G C{V) , 



(1.2) 



M(C) = Sh{G,h)K{C) ~ G{Q)\D X G{Af)/K, 



and 



(sp.2) 



3, 



(1.3) 



< xc,y > = < X, yc'' >, 
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SO that, by Lemma 0.1, a special endomorphism is precisely one given by right 
multiplication by an element of V . 

Definition 1.2. A special endomorphism of (A, A, 6,77) € M(S) is an element 
j e End°(A) such that 

i{c®a)oj = joi{c®a'') , c®aeC{V)®k 

and 

3 =3 , 

for the Rosati involution of End°(^) . 

For a special endomorphism j we have 

f = Q{3)- id, withQ(j)eQ , 

provided that the base scheme S is connected, comp. [12], Lemma 2.2. Therefore 
the space of special endomorphisms of (A, A, rj) is a quadratic space in this case. 
The positivity of the Rosati involution implies that this quadratic space is positive- 
definite, comp. [12], Lemma 2.4. 

Our cycles will be defined by imposing certain collections of special endomorphisms. 

Fix n , with 1 < n < 4 . Let uj C V{Kf)^ be a compact open subset, stable under 
the action of K C G{Af) , and let T e S'ym^(Q) be a symmetric matrix with 
det(T) ^ . We will soon assume that T is positive definite and n < 2 . The 
cases n = 3 or 4 will be relevant in positive characteristic. 

For the additional data T , a; , we consider the functor which associates to each S e 
Sch/Q the set of isomorphism classes of 5 -tuples (^, A, i, f/; j) , where {A,X,L,fj) 
is as before, and where j is an n -tuple of special endomorphisms ji, . . . ,jn G 
End°(^) . The set of endomorphisms r/ o j o r]~^ corresponding to j under an 
isomorphism r] : V{A) — > t/(A/) for r] E fj , are special endomorphisms of 
and hence are given as right multiplication by elements of V{Af) . We require that 

(1.4) ryoj ory-^ e a; C 1/(4/)'^, 

and that, in addition. 



(1.5) 



Q(j) = T. 
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Here, as in the rest of the paper, for x e V" , we put 

(1.6) Q(x) = Q((a;i,... = e Sym„(Q) 

where ( , ) is the bihnear form on V with 

(1-7) {x,y)^Q{x + y)-Q{x)-Q{y), 

so that Q{x) = ^{x,x) . Since a; is a union of K -orbits and since the action of 
G on F preserves the quadratic form, conditions (1.4) and (1.5) are independent 
of the choice of 77 in the K -equivalence class f) . 

Proposition 1.3. The functor thus determined by T and co has a coarse moduli 
scheme Z{T,u) . If K is sufficiently small, then Z{T,uj) is a fine moduli scheme 
and the natural forgetful morphism Z{T, u) Mk is finite and unramified. □ 

Of course, if we impose too many special endomorphisms, the resulting space could 
be empty. The next result describes what happens in characteristic . 

Proposition 1.4. (i) Z{T,lo) ^ implies that n — 1 or 2 and that T e 
SyrriniQ) is positive definite and is represented by V{Q) . 

(a) If T satisfies these conditions, fix x & V{Q)^ such that Q{x) = T . Let Gx 
be the stabilizer of x in G , and let 

Vx = {zeV] z ^x}. 

For h e G{Af) , let Z{x,h;K) be the image of the map 

GxiQ)\Vx X GxiAf)/{Gx{Af) n hKh-^) G{Q)\V x G{Af)/K, 

sending {z,g) to {z,gh) . Also, let ip^ e 5'(y(A/)"') be the characteristic function 
of the compact open set uj . Then 

image(Z(T,w)(C)) = |J Z{x,hr;K), 
where runs over a set of representatives for the double cosets Gx{Af)\G{Af)/ K . 

Under the map h 1— > h~^x , Gx{Af)\G{Af) is homeomorphic to a closed subset 
of V{Af)'^ . The intersection of this set with the compact open subset oj is thus 
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compact, and hence is a finite union of K -orbits. Thus the union on r is indeed 
finite. 

Proof. Suppose that ^ = (A, A, G Z{T,uj){C) . Then, Hi{A,Q) is a 16- 

dimensional vector space over Q , which, by the determinant condition, is iso- 
morphic to Uq as a module over C{V) (E) k- Fix such an isomorphism fi : 
Hi{AjQ) C/q , and note that the complex structure on M) ~ Ur is 

given by right multiplication by an element jz for some z . Then // o j o 
is an n -tuple of special endomorphisms of Uq , i.e., 

y = //ojo/x-i eF(Q)^ 

and, by condition (1.5), 

Q(y) = Q(^ojo/x-i) = T. 

The components of y must commute with , and it is not difficult to check 
that an element y E V C C{V) commutes with if and only if y E z-^ , the 
orthogonal complement of ^ in , comp. [12], Lemma 2.3. Note that z-^ is a 
positive 2 -plane in . Therefore 

and, since det(T) 7^ , we must have n = 1 or 2 , and T must be positive definite. 
This proves (i). 

Replacing /j, by r{'y) o fj, for some 7 e G{Q) , changes y to 7^/7""^ . By Witt's 
Theorem, we may assume that y = fj, o j o = x , our fixed n -tuple of en- 
domorphisms, and that the complex structure is given by r{jz) , where z e ■ 
Note that fj, can still be changed by an element of G^iQ) ■ The composition 
'qojji~^ e End(t/(Aj), z) is given by right multiplication by an element h e G{Af) , 
and condition (1.4) becomes 

?7 o j o r]~^ =770 0x0^0 r}~^ 
= r{h) o r{x) o r{h~^) 
= r{h~^xh) e r{uj)^ 

i.e., • X & u! . Write h = ghrk , with g e Gx{-Af) and k & K for some double 
coset representative. This then gives the desired description of image(Z(T, oj){C)) . □ 
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Remarks: (i) For n = 1 and 2 , the group theoretic cycles Z{x, h; K) and their 
sums over double coset representatives were introduced in [10]. Proposition 1.4 
gives them a modular interpretation in the case of signature (2, 2) . 

(ii) For ?i = 1 , the cycle Z(T, u) is a divisor, rational over Q , on the surface M . 
When B = M2{k) for a real quadratic field fc, for a suitable choice of T G Q>o 
and to C V{Af) , we recover the Hirzebruch-Zagier curves T/v on the Hilbert 
modular surface. 

(iii) For n = 2 , the Z{T,u)) 's are Q -rational -cycles on M . 
§2. Models over Z(p) and arithmetic special cycles. 

In this section, we define models of the quatcrnionic Hilbert-Blumenthal surfaces 
Mk and of the special cycles over Z^p) , in the case in which p is a prime of good 
reduction. 

Fix a prime p ^ 2 , and assume that there is a Z^^^ -lattice A C V^(Q) which is 
self dual with respect to (1.7), i.e., 

(2.1) A = {a;e V(Q);(a;,A)cZ(p) }. 

It follows that p is unramified in k and that B is split at each prime p of 
over p . 

Let Oc = C'(A) be the Clifford algebra of A. Then Oc is a Z(p) -order in 
C{V) which is maximal at p and which is invariant under the main involution 
L . Let Cfc be the ring of Z(p) -integers in k , and note that O]^ C Oc ■ We also 
assume that A = tAt~^, where r E B^ is the element used to define the positive 
involution * . It follows that Oc is invariant under * . Let U = Oc C Uq . This 
Oc (8) Cfc -submodule of Uq is self dual with respect to < , > . 

Having chosen this additional data with respect to p , and a compact open subgroup 
C G'(Aj) , we can define a moduli problem over Z(p) which associates to 
S e Sch/Z(p) the set of isomorphism classes of 4-tuples {A, A, i,rf) where 

(i) A is an abelian scheme over 5 , up to prime to p isogeny, 

(ii) A : A ^ , is a Z^^^ -class of principal polarizations on A , 

(iii) L : Oc Ok — End(^) (8) Z(p) is a homomorphism such that 



l{c (g) a)* = l{c* a). 
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for the Rosati involution of End'' (A) determined by A and the involution 

* of C{V) , and 

(iv) T]P is a RP -equivalence class of Oc ® Ojc -equivariant isomorphisms 

which preserve the symplectic forms up to a scalar in (A^)^ . 

Again, the action of l{c (8) a) on Lie{A) is required to satisfy the determinant 
condition 

det(6(c ® a); Lie(A)) = N'^{cfNj,/Q{a)\ 

interpreted as an identity of polynomial functions with coefficients in Os , as in 
[9]. 

As explained in section 5 of [9], for C G{Af) sufficiently small, this moduli 
problem is represented by a smooth quasi-projective scheme A4kp over Z|-p-) , which 
is, in fact, projective if B = C~^{V) = End(?7Q, i) is a division algebra. Moreover, 
if Kp denotes the intersection of (Oc'^'^p)^ with G(Qp) , and K = KpK^ , then 

Mk ^ Mkp XspecZ(p) SpecQ , 
so that Mkp gives a model of Mk over Z(p) . 

We next turn to the special cycles. Again, for a fixed n with 1 < n < 4 , we let 
ujP C y(Aj)" be a compact open subset, stable under the action of , and let 
T G 5'ymn(Q) , with det(T) ^ . We point out that for {A,\,i,rf) e Mkv{S) 
we may introduce the concept of a special endomorphism in analogy with Definition 
1.2. If 5" is connected the special endomorphisms form a positive-definite quadratic 
space over Z(p) . 

We consider the functor which associates to each scheme S e Sch/Z(p) , the set 
of isomorphism classes of 5-tuples A, i, ryP; j) , with (A, A, 6,77^) as before, and 
with j e (End(A) ® Z(p))" an n -tuple of special endomorphisms satisfying (1.5), 
and the analogue of (1.4) with r]P in place of 77 and oj^ in place of uj . 

Proposition 2.1. (i) If is sufficiently small, then the moduli problem just 
defined is representable by a scheme Z{T,uP) which maps by a finite unramified 
morphism to A4kp ■ 

(ii) Let ujp^{K® ZpY C V{QpY ■ Then the generic fiber of Z{T, uP) is 
Z{T,ujp X ujP) = Z{T,ujP) xspec Z(,) Spec Q. 
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If n > 3 , then the left side is to be interpreted as the empty scheme. □ 

The reader should be warned, however, that, in contrast to the situation for Aixp 7 
Z{T^u)'P) is not flat over Z^p) in general. Indeed, as already in [12], one of the 
most interesting cases arises when n > 3 , so that the generic fiber of Z{T,uiP) is 
empty. 

We add here a remark on Hecke correspondences prime to p . Let g e G(Ay) . The 
Hecke correspondence on Jvi^p is defined by the diagram 

(2-2) i i 

Mkp Mkp 

Here the solid horizontal morphism is defined by mapping [A, A, i, rf) to A, i, 'golf) 
and the vertical arrows are defined by the natural inclusions of open compact sub- 
groups. For T and uj'^ as before, we obtain a morphism 

(2.3) Z{T,uj^)^Z{T,g.uj^) 

which sends (^, A, i, 77^, j) to (^, A, i,^ o t^P; j) . It is obvious that this morphism 
may be combined with the natural forgetful morphisms from the special cycles to 
the moduli spaces to form a commutative diagram with three cartesian squares. 
We may consider this as a prolongation of the Hecke correspondence from M.kp 
to itself to a correspondence from Z{T,(jjP) to Z{T,g • oj^) . 

Prom now until section 11 we will assume that p is inert in k. This implies that 
fc is a field (real quadratic since the signature of V is (2,2) ). 

From now on we will denote by c<; C y(A^)'^ the set which is denoted by a;^ above. 
We also fix an algebraic closure F of the residue field of k at p . 

§3. Isogeny classes and special endomorphisms. 

In this section, we determine the Q -vector space of special endomorphisms attached 
to each of the isogeny classes in the special fiber of M. . This information determines 
which isogeny classes can meet the various special cycles. We continue to assume 
that k , the center of C+ (V) , is a quadratic field and that p is inert in k . 
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For a point ^ = (A, A, 77^) G 7Wifp(F) = A4p , we consider the isogeny class of 
the triple (A, A, l) . Thus, A is an abelian variety of dimension 8 over F with an 
action l : C{V) ® fc End^{A) . 

Recall that the Clifford algebra C{V) — C~^{V)(BC~{V) is a central simple algebra 
over Q, with C~^{V) — B , b, quaternion algebra over k. Moreover, there is an 
isomorphism 

(3.1) i:C{V)®^k^M2{B), 

discussed in more detail below. Hence, up to isogeny, A ~ Aq where Aq is a 4 - 
dimensional abelian variety with lq : B ^ End°(Ao) • Thus, the possible isogeny 
classes of {A,l) 's are the same as the possible isogeny classes of {Ao,lo) 's, and 
these are described by Theorem 5.4 of Milne, [16]: 

Jo- The supersingular class; Aq ~ Aqq for a supersingular elliptic curve Aqq ■ 
Ii. The classes associated to imaginary quadratic extensions E/Q; — ^oo 

for an ordinary elliptic curve Aqq with complex multiplication by E , i.e., 

E ~ End°(Aoo) • 

The classes associated to totally imaginary quadratic extensions k' of k 
which are not of the form k- E for any imaginary quadratic extension of Q ; 
^0 — ^1 ) where Ai is a simple abelian surface with complex multiplication 
by fc', i.e., k' ^EndP(Ai). 

In case /i , let k' — k - E . Then, in cases Ii and I2 , the field k' splits B , and 
p splits in k' /k. 

Note that type Iq consists of supersingular abelian varieties while types Ii and 
I2 consist of ordinary abelian varieties. 

For a point ^ e M.p , as above, the space of special endomorphisms of {A, A, t) is 
the Q -vector space 

(3.2) V' = V^ = {j e End°(A) ; l(c a) ■ j = j ■ i{c ® a"), and f = j}. 

This space depends only on the isogeny class of (A, A, i) , and carries a quadratic 
form defined by p = Q'{j) -idA ■ In order to determine the quadratic space (V, Q') 
in each of the cases Iq , h and I2 , we must first make the isomorphism (3.1) more 
explicit. In particular, we must keep track of the involution * and the Galois action 
a . 
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As in section 1, choose vq E V , with Q{vo) — Vq — a G , and assume that 
a> . Write 

(3.3) C{V) = C = B® BvQ. 

As in section 1, let a = Ad{vo) , and recall that a preserves B and extends the 
Galois automorphism a on its center k. The fixed algebra Bq of ct in S is a 
quaternion algebra over Q with B = Bq (8)q k. As in Lemma 0.5, let re Bq be 
the element defining the positive involution b* = Tb''T~^ of C{V) . Since Vq = vq , 
we have Vq = vq . 



Lemma 3.1. For a choice of the decomposition (3.3), the isomorphism (3.1) is 
given explicitly by 

z : (6i + b2VQ) <8) a ( ) • a, 



,^2 hi 

for bi and b2 & B and a e fc . Under this isomorphism, the involution c® a 
c'' ® a becomes 

for (5 e M2{B) . The involution c<S> c* <S> a becomes 
and the automorphism c® c® a'^ becomes 



Proof. The space C/q = C(y) is a two dimensional right vector space over B , and 
left-right multiplication gives an algebra homomorphism 

(3.4) C (8)Q fc — >-EndB(C/Q), c®a^{x^cxa^. 

This is an isomorphism of simple algebras over Q . Taking 1 and vq as a S -basis 
for C/q , we obtain the isomorphism C ® fc — > M2{B) of the Lemma. For example, 



(3.5) 6(x + ^o2/) = Kl,^o)(^)=(l,^o)(^ b-){l) 



24 



Now, for example, 

+ b2Voy) = iib{ + vob-^) = i{b{ + b'^^vo) 

(3.6) 



b'i abf 

b'2 



b'i b'^ 
ab'2 bf 



1)) 

^^yiibi + b2Voy, 



as claimed. The other relations are similarly easily checked. □ 
Note that the idempotents 

(3.7) ei = ^(1 (8) 1 + 5® 5~^) and 62 = ^ {l <S> I - S <S> S~^) 
in the subalgebra fc (8) fc C C (8)q k have images 

(3.8) i(ei) = ^^ and ^(ea) = ^ 

in M2{B) , and that the decomposition ^ ~ is then given by 

(3.9) A = i{ei)Axi{e2)A. 
Let Ao be the polarization of ^0 determined by 

(3.10) Ao = *i(ei)oAoi(ei), 

and let P ^ P' be the corresponding Roasti involution of End°(Ao) . 

Proposition 3.2. The isomorphism A Aq , determined by a decomposition 
(3.3), induces an isomorphism: 

( jGEndO(A) j r joeEndO(Ao) 

[ 3* =3 J [ 30 = 30 

on the space of special endomorphisms. Here p = ajg -12 , so that Q{j) = 0(Qo{jo) 
with jl = QoUo)idAo ■ 

Proof. Having fixed the isomorphism (3.1), with A = i{ei)A x 1(62) A , we have 

(3.11) L:C0k= M2{B) ^ M2(End°(^o)) ^ End°(^), 
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where the middle inclusion is induced by lq : B ^ End^(Ao) . Recall that this 
map is required to satisfy l{c (E) a)* = l{c* (S> a) . If j is a special endomorphism, 
then, for a G fc, jo (g) a) = t(l Cg> a'^) o j , and j o ^(a ® 1) = t(a ® 1) o j . In 
matrix form, these conditions imply that 



(3.12) J = 



J2 



with j2 and j3 e End°(^o) • The conditions j o i(h ® 1) = i{h ® 1) o j and 
j o i{vQ (g) 1) = i{vQ ®l)oj imply ^2 = ajz and j3io(&) = io(fe°')j3 • 

Finally, we must impose the condition j* = j . The polarization has the form: 

3 -^4 



(3.13) ( ) = A : ~ ^ ^ ^ ~ ^0 , 



where, for example, A2 = *i(ei)Ai(e2) , etc. But now, since the idempotents ei 
and 62 which give the decomposition A ~ Aq lie in fc® fc C C(8) fc, and since the 
Rosati involution restricts to the identity on z,(fc® fc) , we must have A2 = A3 = . 
Since Vq = vq , we have ^l{vq)X = Xl{vo) , and hence 

SO that A4 = aXi . Therefore, the Rosati involution on M2(End°(Ao)) is given by 

(3.15) P^Ad{(^^ ^) 

where x x' is the positive involution of End'^(Ao) determined by Ai , applied 
componentwise to the matrix (3 . But then the condition 

(3.16) ''^A=j=r = f A 



J3 J \^J3 

is equivalent to j'^ — 32, ■ D 



We are now in a position to determine the space of special endomorphisms for each 
isogeny class in the special fiber. Proposition 3.2 shows that this space can be 
determined in terms of the triple (Aq, to/) • Recall that, for b ^ B , 

(3.17) io{by = ioiTb'-T-^), 



and that k = Q{6) with 5^ = A e Q 
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We begin with the supersingular case Iq , so that Aq ^ Aqq for a supersingular 
eUiptic curve Aqq . Let B be the quaternion algebra over Q ramified precisely 
at infinity and p , and for B = Bq k , as above, let Bq be the unique (up to 
isomorphism) quaternion algebra over Q such that Bq ®q Bq ~ M2(B) . Then we 
have 

(3.18) Bo B^ M2(Q) ^ M4(B) = End°(Ao). 

We may assume that the embedding lq oi B = Bq (8)q k is given by 

(3.19) Loibo^a) ^bo®l0io{a), 
where iq : k^ M2 (Q) is determined by 

(3.20) io{d) = 



By condition (3.17), we know the restriction of the Rosati involution ' of End'^(Ao) 
to iQ{B) . One positive involution of Bq (g) Bq (g) M2(Q) which satisfies (3.17) is 
given by 

(3.21) p = bo^bi^c^ ■.= Tb'QT-'^ ^b{0Ad{(^^ a))*^- 

Lemma 3.3. Any positive involution ' of End^(74o) satisfying (3.17) has the 
form 

P ^ (3' ^ r] (3^r]-\ 
where = 1 (g) 1 (g) io{r]o) for rjo e k^ with N]f./q{r]o) > . 

Proof. Any involution of Bq <^ B^ <^ M2(Q) has the form (3 ^ (3' = ■q(3^-q~'^ for 
some invertible element r] . The fact that ' is an involution is equivalent to the 
condition that 77*77"^ = £ e . Applying Jj to this condition, we find that 
£^ = 1 . So there are two basic cases depending on e = ±1 . On the other hand, 
since ' also satisfies (3.17), 77 must lie in the centralizer of ® 1 ® ^o(fe) > i-^-, in 
1 (g) -B^ (g)zo(fc) • We may identify B^ ® M2{Q) with M2{B^) and write 

Ar]2 r/i 



(3.22) T) = 

with ?7i and 772 G Bq . Applying jj yields 



(3.23) V'=U!\ =d.^^ 



If £ = — 1 , we have rji = —rji and 772 = —7/2 
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Lemma 3.4. // ry" = —rj , then the involution (3 i— > r](3'^r] ^ is not positive. 

Proof. We may as well replace Bq with Bq ®R — M. If acgEI with k'' = —k , 
then the involution z ^ kz''k~^ is not positive. This follows from the fact that 
there is an element 2 e such that kz = —zk so that 

(3.24) tY{zKz'K-'^) = -tT{Kzz'-K-'^) = -2zz' < 0. 

For convenience, let 

so that, for x e M2{B^) or M2(H) , 

(3.26) a;' = 77 (V) ?7-\ 

We want to consider the quantity tr(a;x') . If g E GL2{M.) , then for x G M2(EI) , 

(3.27) tr(^-ia;^r7 {'{g-'xgY) v'') = t<x{gfjV) {'x') (gvY)-')- 

Thus the positivity of the involution associated to fj is equivalent to that of the 

involution associated to gfj ^ . But now, if rji , 

(3.28) 

( 1 \(m ( 1 -%"'A?72\ ^(m \ 

Thus, for X = ^ Q ^ , we have 

(3.29) tT{x{gfiYyx'{gfjY)-^) = tT{xirjix[rj^^), 

and this quantity can be negative, as we observed above. If ?7i = , an easier 
calculation yields the same conclusion, and Lemma 3.4 is proved. □ 

Continuing the proof of Lemma 3.3, we must have e = +1 , so that rji and r]2 E Q , 
and hence, rj = io(^o) for = '^i + ^^2 G fc^ • Applying (3.28) again, and taking 

\Xs X4 J 

ir{x{gfiYfx''{gfiY)~^) = 2xix{+2Ar]^^N{7]o)x2x'2+2A-^7]lN{7]o)-^X3x's+2x4xl 
This is positive provided x ^ and N{rio) > . □ □ 
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Proposition 3.5. Suppose that ^ = {A, X, i.rjp) G M.^ is a point in the super- 
singular isogeny class Iq , and that the Rosati involution Aq of Aq is given as 
in Lemma 3.3 for rjQ E . Then the space of special endomorphisms (3.2) is a 
4 -dimensional Q -vector space: 

where Bq is the centralizer of Bq in M2(B) , as above. The quadratic form on 
this space is 

Qdj) = «iVfc/Q(^o)-'(a' + AiV(6)). 
Since a and N{r]o) are positive, this form is positive definite. 

Proof. For a special endomorphism jo of Aq , we have joLo{b) = io{b'^)jo , and 
hence 



1 \fbib2 
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(3.30) jo e 1 ® 5J ® _1 ) ^ 
As an element of M2{Bq) , we can write 

(3.31) jo = 
Then, recalling that rj^ — rj , the condition 

(3.32) j'^ = rjjlrj-'=jo 
is equivalent to 

(3.33) (jor7)«=ior7. 
Writing 

wc find that cq — Cq E Q and c{ — — ci . This gives the claimed description of 
V . Also 

(3.35) {mf = jWr}, 
so that 

(3.36) jl = N{r^o)-\cl + /\N{c^)), 

and, recalling Proposition 3.2, we obtain the claim expression for the quadratic 
form on V . □ 

In the case Ii , we have Aq ~ Aqq and lq : B ^ End°(^o) — M4{E) , where 
End°(^oo) = E and k' = k-E splits B . 



29 



Proposition 3.6. (i) Let E/Q be an imaginary quadratic field, and let E'^ be 
the other imaginary quadratic subfi,eld of the biquadratic field k-E . For the isogeny 
class Ii associated to E/Q, the space of special endomorphisms is isomorphic, as 
quadratic space over Q, to E"^ with quadratic form Q^{j) = chohNe-^ /q{j) , where 
the additional scalar ai G Q>o ^-5 determined in the proof below, 
(ii) Let k' be a CM extension of k which is not a composite of k with an imag- 
inary quadratic field. Then the space of special endomorphisms for the associated 
isogeny class I2 is zero. 

Proof. First assume that E splits tlie quaternion algebra Bq over Q . Then 

(3.37) Bo ®Q E ®Q M2(Q) ~ M2{E) M2(Q) ~ M^{E), 
so that we can take 

(3.38) io:B^BQ®k — > Bq®E®M2{Q), Bq ® a ^ bo ® 1 ® io{a), 
with io : k^ M2 (Q) as before. The positive involution 

(3.39) p = bo ^ e ^ c ^ := Tb'oT-^ ^ e ^ Ad{(^^ a)H*c) 

satisfies io{b)'^ = Lo{Tb''T~^) . The most general such involution has the form 

(3.40) p ^ (3' ^ r](3^r]-\ 

where r] e l(^E(^io{k) , the centralizer of to{B) . If we view E(S>M2{Q) M2(E) 
and E®k k' with iq : k' ^ M2{E) corresponding to l(8)zo , then -q = ioirjo) 
with r}Q e fc''^ . Since ' is an involution, 77*77"-^ = A e E^ , and A*A = AA = 1 . 
Writing A = vi>~^ , we have {rjv)^ = -qv . Since rj and rjv give the same involution, 
we may assume that 77** = . Then, since r/* = 20(^0) i we have r/o £ fc^ • It is 
easy to check that the involution ' is positive if and only if N]^/Q{rio) > . 

If jo is a special endomorphism, then the condition joLo{b) = ioib'^)jo implies that 
there is a //q £ ^''^ so that, for /j, = ■io(A*o) > 

(3.41) jo = l^(^^ _^^io{h{)cBo^M2{E). 
Since 
(3.42) 
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we have 

(3.43) (^^ _^y^{^,)=j,=j'^=(^^ _^yom^)v^V-\ 
so that 

(3.44) p := i^om = {m^V e E"". 
Hence 

(3.45) jo=(^^ _^y-\{p), 
and 

(3.46) = Nk/qivr^NE^/M U 
as claimed, in this case. 

In general, there is a quaternion algebra Bi over Q such that B = Bi (8)q k and 
such that E splits Bi . Let ui be the automorphism of B which is given by l^a 
on 5 = Si fc. There is then an element h e B^ such that b"' = Ad{h){b'^'^) . 
The fact that a and cri have order 2 implies that /i/i'^^ e . Also, /i^ = 
hh'^^h~^ = h~^hh'^^ = h"^^ . Applying Theorem 90, we may adjust h so that, in 
fact /i^ = /i^i =h'- . In particular, hh"" = hh"^ = v{h) e . 

We then have 

(3.47) B^®E®k — >Bi®E® M2(Q) ~ M2{E) ® M2(Q) ~ M^{E), 
and an embedding 

(3.48) ii:B = Bi®k^Bi®E®M2{Q)., hi® a ^ hi® 1 ® iQ^a). 
Note that we have 

(3.49) Ad{{^ _-^)io{a)^io{a-), 
and 

AM ^ 



(3.50) Ad{(^ ^ ))n(6) = H(6-0- 



Let 

(3.51) T+ 



r ifz/(/i)>0, 
5r if z/(/i) < 0, 
and define an involution on Bi® E ® M2(Q) by 

(3.52) p = hi®e®c^ 13^ ■.= Ad{ii{r+)){h'{®e®Ad{{^ a)^^*^^^" 
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Lemma 3.7. (i) The involution ft is positive and satisfies 

ii{b)^ = iiirb'T-^). 

(a) Any positive involution with this restriction to B has the form 

where t] = io(%) for rjo e with Nk/qirjo) > . 

Proof. The involution {j preserves the subalgebra Bi (g) M2 (Q) , and it suffices to 
prove that its restriction to this subalgebra is positive. Since 

(3.53) M2(Q) = io(fc) © f ^ A io{k), 



-1 

we have an isomorphism of right B -modules 



(3.54) Si(g)M2(Q) -ij^- 

The left regular representation yields an algebra homomorphism: 

(3.55) Si(8)M2(Q) ~5®S ^ M2{B) 



61 + 62 



1 \ fh b2 



We write 22 : -B — > M2{B) for the composition of this map with ii . The restriction 
of the involution 

(3.56) P^Ad{t2{r+)){'(3') 

to Bi (g) M2(Q) coincides with , so it suffices to prove that (3.56) is positive on 
M2{B) . But we have, setting e = sgn{u{h)) , 

(3.57) 



tr 



c d ) \ ST^^ ) \ h' d' ) \ £T*i 
= tr(aTaV-^ + her^'^h'T-^ + ctc'et-''^ + dT^^d'T'"^). 

The quantities tr(aTa''T-^) and ir{dT'^'-d''T-'^^) = tT{d''^T{d'-y^T-'^y in the last 
expression are positive for a and d nonzero. On the other hand, 

(3.58) tr(teT'"i6V-^) = £tr(6/i- V/ifeV"^) 

= eiy{h)-hT{{bh')T{bh''yT-^) > 0, 
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and similarly for tr (crc'^er '^^) . This proves (i). 

The centralizer of ii{B) in Bi ® E M2(Q) is 1 ® E ® io{k) and this can be 
identified with l®io(fc') in Bi®M2{E) . Note that this algebra centralizes ii(r_|_) . 
We can argue as above to prove (ii). □ 

As in (3.41), we can write any special endomorphism in the form 

(3.59) io = n(/i)(^l®(^^ _^l^eh{h){l®{^ _^io{l^)^^B^®M2{E), 

for II = io(/io) and Ho ^ k' . To take into account the condition J'q — Jq , we first 
note that, via (3.49) and (3.50), 

(3.60) (^^ = Ad{v)Ad{^^{r+)) (^(^'^ _^ 

where e = sgn(z/(/i)) , as above. Now 

j'o = V3oV~^ 

(3.61) =Ad{ri)Ad{H{T+))(^io{fio)(^^ 

Setting this equal to 

(3.62) jo=(^^ _^^ii(/i'^i)io(yuo), 
recalling that h'^^ = h'' , and dividing both sides by iy{h) , we obtain 

(3.63) ioM = h{h)io{jiZr]oVQ^)h{eT'''h-\-^) 

= £^o(/io^o^^^)> 
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since hr^^h ^ — — t . Thus, if we set 

//o% if ^ih) > 



S/iorjo if u{h) < 0, 



(3.66) QoUo) = i^{h)Nk/Q{vo)~'NEv/Q{p) 



(3.64) p = 
then p e E"^ and 

(3.65) jo = ii{h) ioiprjo l), 
where 770,+ = rjo if z^(/i) > and ?7o,+ — ^Vo if ^(^) < • 

Finally, = Qo(io) • gives 

' 1 if z/(/i) > 0, 

(-A)-i ifiy(/t)<0, 
as claimed. This proves the first part of Proposition 3.6. 

Finally, consider case I2 , where Aq ~ Af for a simple abelian surface Ai with 
End°(74i) = fc' and with lq : B ^ End°(74o) ~ M2(/c') . But then the isomorphism 

(3.67) B®f^U ^M2{U). 

implies that io(fe) lies in the center of End°(^o) » and so the space of special 
endomorphisms is zero. □ □ 

The results obtained so far impose restrictions on the isogeny classes which can 
be met by a special cycle Z{uj,T) . Recall that we assume that det(T) . If 
^ — {A, A, I, fjP]]) e Z{uj, T)(F) , then the components of the collection j of special 
endomorphisms of (A, A, i) lie in , and Qg(j) = T . 



Corollary 3.8. /f ^ G Z{u>,T){¥) , then T is represented by Vg(Q) . In particu- 
lar: 

(i) The isogeny classes of type I2 do not meet any special cycle. 

(a) If n > 3 , then Z{u!,T) lies in the supersingular locus and is empty unless 

T > . 

(Hi) When n = 4, Z{uj,T) is empty unless T is equivalent over Q to the qua- 
dratic form of Proposition 3.5. 

(iv) When n = 3 , Z{uj,T) is empty unless T is represented over Q by the qua- 
dratic form of Proposition 3. 5. 

(v) If n = 2 , then the cycle Z{uj,T) can meet at most one nonsuper singular 
isogeny class, namely, that for which T is equivalent over Q to the quadratic form 

of Proposition 3.6 (i). 
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§4. The structure of the supersingular locus. 

In this section, we give a description of the supersingular locus Ai^^ in the special 
fiber of Al = M.KP ■ The results are due Stamm [18], although his presentation is 
somewhat different. We continue to assume that p is inert in k. Then Oc^'^p — 
M^{Zp) and Oj^^Zp ~ Zp2 . Also let W = W(^) be the Witt ring of F , 
K, = W ®Q its quotient field, and a the Frobenius automorphism. 

Fix a point ^ = {A^ A, i,ff) e Al^^(F) in the supersingular locus. Let A{p) be the 
p-divisible group of A , and note that the inclusion 

(4.1) i:Oc®'2^p^ M^{Zp) ^ End(A(p)) 

yields a decomposition A{p) ^ where ^ is a p-divisible group of dimension 2 
and height 4 with an action iq : Zp2 •— End(^) . Since A is supersingular, A{p) 
and A are formal groups. We let be the contravariant Dieudonne module of 
A . This is a free W -module of rank 4 with operators F and V which are a - 
and -linear respectively, and with FV = VF = p . Let C = DA ® Q be the 
associated isocrystal, with dimic{C) — 4. The polarization of A gives rise to a 
nondegenerate alternating form < , >: CxC ^ JC , with < Fx, y > — < x, Vy . 
Moreover, for a G Zp2 , 

(4.2) < iQ{a)x,y > = < x,iQ{a)y > . 
The fixed embedding Zp2 W defines a Z/2 -grading 

(4.3) Cq = {x & C\ iQ{a)x — ax, for a e Zp2 } 
and 

(4.4) Ci = {x & iQ{a)x = a"^x, for a e Zp2 }, 

so that C = Co Q) Ci , and F and V are endomorphisms of degree 1 . Note 
that the two dimensional subspaces Cq and Ci are orthogonal to each other with 
respect to < , > . Let 

(4.5) G'p^ige GL{C)- < gx,gy >= i^ig)- <x,y>,Fg^ gF with u{g) eQ^} . 

We are interested in -lattices L in £ which are stable under F and V and 
under the action of Zp2 , and such that = cL with respect to < , > . The 
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lattice L is stable under Zp2 if and only if L = Lq (B Li with respect to the 
grading. For such a lattice L , we have 

(4.6) LoDFL^DpLo, 
and 

(4.7) L^DFLoDpL^, 

where all inclusions have index 1 . This follows from the determinant condition, 
which implies that Lq/FLi and Li/FLq have dimension 1 over F. 

Let X be the set of such lattices in C . 

Definition 4.1. (i) For a lattice L & X , the index i is critical for L if F^Li = 
pLi . 

(a) The lattice L is called super special if both indices and 1 are critical for L . 

Let Xq <z X be the set of superspecial lattices. 

Lemma 4.2. For any L & X , at least one index is critical. 

Proof. Note that F^L^ — pL^ — FVL^ if and only if FL^ — VL^ . Since we have 
inclusions 

FLi C Lj+i 
U U 
pLi+i C VLi, 

we have that either i is critical or L^+i = FLi + VLi . Suppose that there is no 
critical index, i.e., that Lq = FLi + VLi and Li = FLq + VLq . But then, using 
the fact that FLi D pLq , 

Lq = FLi + VLi 

= FLi + V{FLo + VLq) = FLi + V'^Lq 
= FLi + y2(FLi + VLi) = FLi + V^Li 



= FLi + VLi for aU r > 1 
= FLi, 
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since the Dieudonne module is F -reduced. This contradicts the fact that Lq/FLi 
has dimension 1 over F . □ 

Note that the /C -vector space Ci has a cr^ -Hnear automorphism p~^F'^ . If z is 
a critical index for the lattice L E X , then p~^F'^ preserves Li and defines an 
¥p2 -rational structure on the F -vector space Li/pLi and on the projective line 

nLi/pLi) . 

Lemma 4.3. (i) Suppose that Li is a W -lattice in Ci such that F'^Li = pLi . 
For any line £ in the two dimensional F -vector space Li/pLi,let Li+^ = F-\i-^ 
pLi) , and let L = Lj+i ® Lj . Then L E X . 

(ii) If L = Lq ® Li e X with i a critical index, let i e '^{LijpLi) he the line 
FLi^i/pLi . Then L is recovered from i by the construction of (i). 
(Hi) The lattice L = Lj+i ® Lj e X associated to £ & F{Li/pLi) is superspecial if 
and only if the line £ is rational over Fp2 . 

Proof Note that FLi = VLi . Since L^+i = F''^ (£ -\- pLi) C F'^Li , we clearly 
have FLi+i C Li and VLi+i C Li . Also, Lj+i D F~^pLi = FLi = VLi . Next, 
since the restriction of < , > to the two dimensional space Ci is a nondegenerate 
alternating form, we must have < Li, Li >= cW for c = p^ , for some r e Z , and 
Lf- = c~^Li . But then, writing £ -\- pLi = Wy -\- pLi , we have 

<£-\-pLi,£-\-pLi> = <Wy-\-pLi,Wy-\-pLi> 

= < y,pLi > 

= p < Li,pLi > 
= pcW. 

But then, 

< Li+i,Li+i > = < F-^{£ + pLi),p-^V{£ + pLi) > 
= p-^ <£-{- pLi, £ + pLi 
= cW, 

and so (Lj+i)-*- = c~^Li+i . This proves (i), and (ii) is obvious. 

To prove (iii), observe that FLi^\ = VLi+i if and only if £+pLi = VF~^{£)-\-pLi , 
and that VF'^ = pF'^ . □ 
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The set X can be described as the set of F -points of a scheme over Fp2 , cf. [18]. 
Let Yi be the set of W -lattices in Ci which satisfy F^Li — pLi . Let 

(4.8) Ui = Cf~" . 

Since pF~^ is a -linear automorphism with all slopes equal to 0, Ui is a 
2-dimensional Qp2 -vector space with Ui ®q^2 K, = J^i and each Lj e 1^ can be 
written as 

(4.9) Li = Ai W 

for the Zp2 -lattice Aj = L^ of Ui . To each Li G Yi we associate the projective 
line 

Fl, = P(A,/pA,) 

over Fp2 . At each of its p"^ + 1 Fp2 -rational points, P^. meets a single Pl^+i • 
For the following result, cf. [18]. 

Proposition 4.4. There is a natural Gp -equivariant surjective map 

II II P^^(F)^X, 

i=0,lLi€Yi 

which induces a bijection 

II II (fl,{¥)-Fl,{¥p.)\ ^X-Xo. 

For L e Xq the preimage consists of two points, one for each i — and i = 1 . 

Let G' be the inner form of G (cf. (0.2)) given by the quaternion algebra B' over 
k which is ramified at the two archimedean primes and is isomorphic to B at all 
finite primes. Then there exists a morphism of schemes over SpecFp2 where Ai^j^p 
denotes the supersingular locus of A4kp xspecZ(p) Spec ¥p , 



(4.10) G'(Q)\ 



II II I X G'{A^f)/K^ 

i=0,l LiEY, 



M'' ®Wp Fp2 



This morphism can be identified with the normalization of (8)Fp Fp2 , cf. [18] 
It induces a bijection 

(4.11) II G'{Q) \ G'{Af)/Kp.KP ^ Irred(M^^ ¥p.) . 

i=0,l 
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Here on the right hand side is the set of geometric irreducible components of M.^^ 
and Kp is a maximal open compact subgroup of G'p = G'{Qp) (the stabilizer of a 
Zp2 -lattice A c Ui). 

Similarly we obtain for the set of superspecial points of a bijection 

(4.12) G'{Q)\G'{Af)/K'p.KP ^ M'''P'''''P{¥p) . 

Here is an Iwahori subgroup of Gp . Indeed, it follows from Lemma 5.1 below 
that all superspecial lattices are conjugate under G'p (existence of a standard basis) 
and the stabilizer of a superspecial lattice is an Iwahori subgroup. 

§5. Special endomorphisms of supersingular Dieudonne modules. 

In this section we study the space Vp (cf.(5.3)) of special endomorphisms of the 
isocrystal C associated to the supersingular isogeny class as in section 4. After 
giving an explicit description of this quadratic space over Qp , we provide a criterion 
for a given special endomorphism j of C to induce a special endomorphism of a 
lattice L E X (resp. every lattice in P^,^ for Li G Yi). This information will 
be used to determine isolated supersingular point on special cycles (section 6) and 
supersingular components of special cycles (section 8). 

We keep the notations of the previous section. We begin by considering the space 
of special endomorphisms of the /C -vector space C . Recall that K, — W . The 
grading C — Cq® Ci gives a grading on the endomorphism ring: 

(5.1) End(£)(°) = {j e End(£) ; jio{a) = io{a)j}, 
and 

(5.2) End(£)(i) = {j e End(£) ; jio{a) = 6o(a'^)j}. 

Let End(>C, F) be the algebra of endomorphisms which commute with F , and let 

(5.3) V;:={jeEndijC,F)('^ ; f = j} 

be the space of special endomorphisms of C , where * denotes the adjoint with 
respect to the alternating form < , > . Writing j e End(>C, F)^^^ as 




jo e Hom(£o, ^i) , and ji G Hom(£i, Cq) , 
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we have j* = j if and only if ji = . Since j commutes with F , we also have 
ji = FjoP-^ and jo = FjiP-^ , so that 

(5.5) V; ~ {jo e Hom(£o, J^i) ; jo = F'^joF'^, j* = FjoF'^}. 

If a; = jo jo £ End(>Co5^^) > then x is self adjoint with respect to < , > on the 
2 -dimensional space Co , and hence a; = a • l^^ for a scalar a . Thus, we have a 
quadratic form on Vp , defined by 

(5.6) j^ = Q'{j).l^ , Q'{j)=j*o-jo . 

Since the elements of G'p commute with F , cf (4.5), we have an inclusion G'p C 
End(>C)*^°-*'^ and G'p acts on Vp by conjugation and preserves the quadratic form. 

Choose a Qp2 -rational basis ei , 62 for Uq = C^^ , with < 61,62 >= , and 
let 63 = Fei and 64 = p~^Fe2 , so that < 63, 64 >= as well. We call such a 
basis a standard basis for C . Then, we may write 



(5.7) F = 



( P \ 

1 

1 

\ p ) 



a = 



PTT' 



7T 

-1 



where we set tt = ^ ^ 1 ^ ' ''"^ ~ ^ c d ) ' ^^^^ -^o ~ ^ '^c ) ' 
have jF — Fj if and only if 

(5.8) ji=P~Vio7r, and jf=p"Vio7r. 

2 

Applying a to the first condition and comparing to the second, we have = 1 . 
Recalling that ji = Jq , we obtain 

(^•^^ (-C a^) " (^r^ p-M-)' 

i.e., d = pa'^ , c = — c'^ , and b = —b"^ . Thus, 

(5.10) V; ^{x^(^l ^l^^ ; a,b,ce Qp2, b^ = -b, = -c} 
is a 4 -dimensional vector space over Qp with quadratic form 



(5.11) 



Q'{x) = paa"^ — be. 
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Also, 

(5.12) G; ~ e GL^iQp^); det{g) e Q^^}, 
and g E G'p acts on x eVp by 

(5.13) g : X ^ 7r~^g'^7rxg~^. 

For any lattice L e X , the ring End(L, F) is an order in the algebra End(>C, F) , 
and 

(5.14) iVi := End(L, F) n 
is a Zp -lattice in Vp . 

Lemma 5.1. Suppose that L e Xq is a superspecial lattice with < L,L >= p^W . 
Then, there exists a standard basis ei, 62, 63, 64 for L such that Lq = Wei®We2 
and Li = We^ © 1^64 . □ 

We refer to the basis of Lemma 5.1 as a standard basis for L e Xq . 

Corollary 5.2. If L is a superspecial lattice in £ , then with respect to a standard 
basis for L , 

End(L,F)W = {(^^° Ai) ' ^° " (c ^j") ' ^1 = 7r~^^o7r, a, b, c, d e Z^s}, 
and 

End(L,F)^^) = {^^ "^^^■Ao=(^^ , and Ai = p~^7rAo7r, a, b, c, d e Zp2}. 
In particular, 

iVi=End(L,F)nV;^{x= J" )■ a,b,ceZp2, b^ ^ -b, c'' = -c}. 



If L G Xq is a superspecial lattice, then p~ F L = L , and we let A be the set 
of fixed points of p~^F'^ . This is a Zp2 -module of rank 4, and A/ FA is an 
Fp2 -vector space of dimension 2 . Note that the vectors of a standard basis for 
L lie in A, and the images ei and 64 give an Fp2 -basis for A/FA. There is a 
natural reduction map: 

(5.15) redi : End(L, F) End(A/FA). 
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Lemma 5.3. With respect to a fixed standard basis, 

redi : End(L,F) ^ End(A/FA) ~ M2(Fp2) 

is given by 



redi : 

and 

redr : 



Here a ^ a is the reduction map Zp2 — > Fp2 , and the other notation is as in the 
Corollary 5.2. 

Note that the grading on M2(Fp2) is the checkerboard grading. 
Let 

(5.16) riL = redLiNL) = {x = (^^ ; 6, c e Fp2, with 6^ = -6, = -c}, 
with quadratic form Q'{x) = be . Then, we have the commutative diagram 

(5.17) redi i i 



n. ^ F 



2 



of quadratic spaces. 

We next turn to the non-superspecial case. 

Proposition 5.4. (i) Suppose that L e X — Xq is a non-superspecial lattice with 
critical index i, and write L = Li (B Li+i . Then j E End(£, F)*^^) , lies in 
End(L, F)(^) if and only if 

3i{Li) C FLi, 

where 

h 



as above. 

(ii) If L & X — Xq is non-superspecial , and if j e is a special endomorphism 
of L, so that j e End(L, F)^^) with j* = j , then ordp(Q'(i)) > 1 . 
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Proposition 5.5. Fix an index i . Suppose that G £i is a W -lattice such 
that F^Li = pLi , i.e., Ci E Yi , in the notation of section 4- Then, a special 
endomorphism j e Vp induces an endomorphism of every lattice in P^. if and 
only if 

C FU. 

Corollary 5.6. // j e End(L,F)(i) for one non- super special point L in , 
then j e End(L',F)(i) for all points V of P^. . 

Proof of Proposition 5.4- Since i is critical, FLi = VLi . Recall that L^+i = 
F~^{£ + Li) where £ e ¥{Li/pLi) is a line, and that, since z + 1 is not critical, 

(5.18) Li = FLi+i + VLi+i and pLj = FL^+i n FL^+i. 

Recall that jo and ji commute with VF~^ = {p~^F'^)~^ . Then, if j{L) C L , 
we have ji{Li) C Li^i , and thus, Fji[Li) C FL^^i . Applying VF~'^ to this, we 
get Fji{Li) C VLj+i . Hence 

(5.19) FU{U) C FL^+i n FLi+i = pLi, 
i.e., cancelling an F , 

(5.20) ji{Li) C VLi = FLi. 

When i is critical and z + 1 is not critical, condition (5.20) is in fact equivalent to 
the requirement that ji{Li) C Li+i . Indeed, otherwise = ji{Li) + VLi , hence 
VLi^i — -FLj_|_i , i.e. z + 1 is critical. We must also check that ji_|_i(Li_|_i) C Lj . 
But, this is automatic, since 

(5.21) Fji+^{Li+^)=ji{FLi+^)=ji{e + pLi)Gji{Li) C FL,, 

again by (5.20). Thus, condition (5.20) is all that is needed for j{L) C L , and (i) 
of the Proposition is proved. 

To prove (ii), recall that for a special endomorphism j , = Q'{j) ■ 1l. , by 

(5.6). Then, since, by (5.20), 

(5.22) < Li,j*ji {Li) > = < ji{Li),ji{Li) > C < FLi, FLi > = p<Li,Li >, 



we have (Li) C pLi , and hence OTdp{Q'{j)) > 1 , as claimed. □ 
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Proof of Proposition 5.5. If j extends to every lattice in P^. , then j preserves 
a non-superspecial lattice with critical index i , and hence, by Proposition 5.4 (i), 
ji{Li) C FLi . Conversely, suppose that ji{Li) C FLi . Let L = Li ® i^i+i , 
with Li_|_i = F~^{1 + pLi) , be a lattice in P^- . Then j{Li) C L^+i if and only 
if Fj{Li) C FLj+i = £ + pLi . But Fj{Li) C F^L^ = pLi , so the required 
inclusion follows. Similarly, j{Li^i) C Li if and only if Fj{Li+i) C FLj , but 
Fj{Li+i) = j{e + pLi) C i(Li) C FLi , as required. □ 

In section 8 below we will fix a special endomorphism j e Vp of the isocrystal 
C and give a combinatorial description of the set of lattices Li e Yi for which j 
induces a special endomorphism of every lattice in Pl^ . 

§6. Isolated supersingular points of special cycles. 

In this section we return to the special cycles introduced in section 2 and deter- 
mine the isolated supersingular points on them. This allows us to characterize the 
isolated points of intersection of our special cycles and to obtain a formula for the 
'intersection multiplicity' at such points (Corollary 6.3). 

We fix n with 1 < n < 4 and consider the special cycle Z{T,u>) , where u C 
V^(AJ)" and T e Sym„(Q) . We fix a base point = (^o, Aq, lq^Vo) ^ -^fp(^) • 
As in section 4 we have a decomposition of the p -divisible group Ao{p) = Aq and 
we introduce the isocrystal C = DAq <S> Q ■ To every isogeny fj, : ^ with 
^ = {A,X, L,rf) e M^j^p{¥) we then associate the Dieudonne lattice L — iJ,^{DA) 
in £ which lies in X . The point ^ will be called superspecial if L G Xq and non- 
superspecial if L E X — Xq . This is independent of the choice of the isogeny n . 
Suppose now that $, is the image of {A, X, L,rf;j) e Z{T,(jj){¥) . Then j induces 
an n -tuple 



of special endomorphisms of C with e (A^l)" . Moreover the condition that 
Q{r] o j o r]~^) = T implies that also 



(6.1) 



3c e v; 



(6.2) 



Q'ih) = T 



with Q' as in (5.6). 
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Theorem 6.1. Consider the set of supersingular points in the image of Z(T,u)) , 
for T e SyniniQ) with dct(T) ^ and for u C V{K^)'^ . 

(i) If T ^ Syrnn{'^[p)) , i-e., if T is not p -integral, then Z{T,u!) fl A^^^(F) is 
empty. 

Assume that T G S'ymn(Z(p)) , and let T G Symn{¥p) be its reduction modulo p . 
(a) If the rank of T is greater than 2 , or if T has rank 2 and is anisotropic 
modulo its radical, then Z{T,lv) fl A^^^(F) is empty. 

(Hi) If T ^ , then Z{T,u>) fl A^*^^(F) consists entirely of superspecial points. 

(iv) Suppose that T = and that Z{T, uj)nA4^^{¥) (p . If L is a non- superspecial 
point in the image of Z{T,u) , and if L E P^. , then F^. C Z{T,uj) . 

(v) Suppose that T = and that L = Lq Q) Li G Xq is a superspecial lattice 
corresponding to a point of ^ E J^^^{¥) in the image of Z{T,u;) . As usual let 
A = L^^ = Ao © Ai . Let M C Nl be the Zp -submodule spanned by the 
components of , and let m = vqAl^M) be the image of M in xvl C End(A/FA) . 

(a) // m = , then both components P^g and P^^ of M.^^ through ^ (cf. 
(4.10)) lie in Z{T,u)r}M^\¥) . 

(b) // m 7^ , then dimp^ m = 1 . ^ basis vector j G m is a nonzero endomor- 
phism of 

A/FA = (Ao/FAi) © (Ai/FAo) 
of degree 1 with p = . Therefore the condition 

holds for precisely one index z G Z/2 , in which case, P^. lies in Z{T,u>)n 
M^%¥) and Pl.+, does not. 

Remark. In effect, if p \ T , then Z{T, uj)^^ consists of (at most) an isolated (finite) 
set of superspecial points, while, if p \ T , then the image of Z{T,uj) in A4'^'^ is 
either empty or consists of a union of components of A4^^ . We will give a more 
complete description of the components which occur in section 8 below. 

Proof. Suppose that ^ = (^, A, i, f/^; j) G Z{T,uj) lies above ^ = {A.,X,i,rf) G 
M.^^i¥) . Since all of our assertions are 'local' at ^ , we fix an isogeny fi : ^ 
and hence associated with ^ a Dieudonnc lattice L = Lq®Li E X and n -tuple of 
special endomorphisms G AT^ c (End(L, F)^^))" . Let M be the Zp -submodule 
of Nl spanned by the components of . Since Q' is Zp -valued on Nl , it follows 
that T G Symn{'^{p)) ■ This proves (i). (In fact, from the definitions in section 2 
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we know that the whole special fibre of Z{T,uj) is empty if T is not p -integral.) 
Since we are assuming that det(T) ^ , M must have rank n over Zp . 

First suppose that ^ is a non-superspecial point. Then, by (ii) of Proposition 5.4, 
T = , since Q'{j) = {) mod p for every j e M . This proves (iii). 

If ^ is a superspecial point in the image of Z{T,(jj) , then T is the matrix of 
inner products of the images of the components of under the reduction map 
redi, : Nl — > • Since is a hyperbolic plane over Fp , it follows that T must 
have rank at most 2 , and that, if the rank of T is 2 , then xn = xil and T , 
modulo its radical, must be a hyperbolic plane. This proves (ii). 

Finally, suppose that T = . If ^ is a non-superspecial point in Z(T, a;)nAl®^(F) , 
with critical index i , then, by Corollary 5.6, the whole component P^,. lies in 
Z{T,oj) n A^®^(F) . This proves (iv). If ^ is a superspecial point in Z{T,oj) fl 
Al^^(F) , then m is an isotropic subspace of and thus has dimension or 1 . 
If m = , then, for every j e M , the condition j{Li) C FLi is satisfied for both 
1 = and 1 . Thus, by Proposition 5.5, both components and P_l^ of A4^^ 
through ^ lie in Z{T,(jj) fl A1®^(F) . If m is an isotropic line in xil , then there is 
a unique index i such that j{Li) C FLi holds for all j e M . Thus, in this case. 
Pi, lies in Z{T,oj) n M^%¥) , but P^.+i does not. This proves (v). □ 

We now assume that n > 3 and that T e Sym^(Z(p))>o and also that T ^ . 
The first assumption implies that Z{T,u;) lies over the supersingular locus A4^^ of 
the special fiber of M. . The second assumption implies that Z{T,(jj) = Z{T,Lijy^ , 
if nonempty, consists of a finite set of isolated superspecial points. 

We fix a supersingular point ^ = {A, X, L,rf;j) e Z{T,(jj){¥) . Again we write 
A{p) = A^ , where ^ is a 2-dimensional formal group of height 4, equipped with 
an action 

io : V — > End(^) 
and with a principal quasi-polarization 

: A A 

such that io{a)* = io{a) . 

By the Serre-Tate Theorem, the formal completions at ^ of and of Z{T,(jj) 
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can be interpreted as versal deformation spaces: 

(6.3) ;W^ = Def(AA^,io), 
and 

(6.4) i(T, Lj)^ = Def(A A^, 6o; j) = Def(A A^, 6o; M) 

where M is the Zp -submodule of End(^) spanned by the components of j . By 
our assumption T ^ , the latter deformation space is the spectrum of a focal 
Artin ring . We let e(^) be the length of i?^ . 

From now on, we assume that n = 3 , and we reduce the computation of e(^) to 
a result of Gross and Keating, [3] . 

Since, as always, p ^ 2 , we may choose a Zp -basis 1/^2, i^s for M such that 
the matrix for the restriction of the quadratic form to this basis is 

(6.5) T' = diag(£ip"i , £2P"^ , £3P"' ) , 

with < ai < a2 < as and with units Si uniquely determined modulo squares. 
In particular, = Sip""" , and V'iV'j + V'j V'i = for i ^ j . 

Recall that p is inert in k so that kp = Qp{5) with 5^ = A e not a square. 
Since T 7^ , we have ai = and we may take £1 = 1 or £1 = A , depending on 
whether or not £1 is a square. If £1 = 1 define idempotents 

(6.6) eo = ^(l+Vi) , ei = ^(l-Vi) • 

These yield a decomposition Aq x Ai where Ai = CiA has dimension 1 and 
height 2. Since e* = , the polarization is of the form 

(6.7) = A^o X A^, -.AoxAi^AqxAi . 

Let 5_ = Lo{d) G End(v4.) . Then d is an isomorphism with Scq = eiS and hence 
may be considered as an isomorphism ^0 Ai . Furthermore 

(6.8) ipiCo = eiipi , i = 2, 3 . 
We put 

(6.9) (/il,/i2,/i3) = (^,V'2,V'3) , 
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SO that (/Ui, /U2, /is) is a triple of isogenies from Aq to Ai . Since a principal quasi- 
polarization on a formal group of dimension 1 and height 2 deforms automatically 
and using the fact that 1^2 and ips are special endomorphisms we see that 

(6.10) Def(^,A^,io;M) =Def(A, A;/ii,/i2,At3) , 

where the right side is the locus inside the universal deformation space of the pair 
{Ao,Ai) to which the triple of isogenies deforms. We note that the degree quadratic 
form on Hom(^O) ^1) has matrix equal to 

(6.11) T" = diag(A,£2P"%£3P"') 
on the subspace of rank 3 spanned by the Hi 's. 

Next assume that £1 = A and write = + 6^ with a,b G Zp . Let 

(6.12) = aS + bipi e End{A) . 
Then = id . We define idempotents 

(6.13) eo = ^(l+V''i) , e^ = ^{l-i;[) . 

Again we obtain a decomposition A = Aq x Ai with Ai = CiA . Since again 
e* = Cj the polarization again splits as a product. Put 

(6.14) ip'{ = b5-aipi . 
Then we have 

(6.15) i/jiCq = eii(^'{ , and V^jCo = eiV'i , i = 2,3 . 
We put 

(6.16) {ill, 112, Us) = (-01 , -02, •03) 

and again obtain a triple of isogenies from ^0 to Ai . Since from Ao,Ai and i/j" 
we recover A with the action of S and V'l we see that again 

(6.17) Def(^,A^,io;M) = Def(A, A;/ii,/i2,/i3) • 
The degree quadratic form on Hom(^07'^i) has matrix 

(6.18) r" = diag(l,£2p"%£3P"") 
on the subspace of rank 3 spanned by the /li 's. 

We are now in a position to apply the results of Gross and Keating [3] about the 
length of the artinian -scheme 'Dei{Ao, Ai; fii, IJ,2, fJ's) ■ By their results this 
length only depends on the GL3(Zp) -equivalence class of the matrix T" . More 
precisely, Proposition 5.4 of [3] implies the following result. 
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Proposition 6.2. The length of the local ring Oz{T,uj),i ^-5 equal to e(^) = ^p{T) 
with ep{T) given as follows. Let T he GL^iXp) -equivalent to (6.5). 

(i) If a2 is even, 

a2/2-l 

ep{T)= (a2 + a3-4zy + -(a3-a2 + lK^/^ 

(ii) If a2 is odd, 

(a2-l)/2 

ep(T)= {a2+a3-4i)p\ 

Note that the answer does not actually depend on the units £i , £2 and £3 . 

We conclude this section by indicating how the previous results can be applied 
to the intersection problem of special cycles. The calculus is the same as in the 
companion paper [12], esp. section 3. 

We fix integers ni, . . . ,nr with 1 < < 3 and with Ui + . . . + = 3 . For 
each i we choose Tj e Sym„^(Q)>o and a -invariant open compact subset 
iUi C 1/(AJ)'^' . Let 

(6.19) Z = Z{Ti,u;i) Xm ■ ■ ■ Xm 2{Tr,cJr,) 

be the fibre product of the corresponding special cycles. To each point ^ E Z there 
is associated its fundamental matrix 

(6.20) Te = Q((ji,...,jJ)GSym3(Q) , 

where (ji, . . . , j^) is the 3-tuple of special endomorphisms determined by the image 
of ^ via its images under the projections Z —>■ Z{Ti,u;i) . Since the function 
^ ^ is locally constant, we obtain a disjoint sum decomposition 

(6.21) Z = Y[Zt , 

T 

where Zt is the union of those connected components of Z where the value of 
the fundamental matrix is equal to T . Note that T has the form 

TrJ 

X U>r) ■ 

Hence we may apply the previous results to obtain the following: 



(6.22) 

In fact we may identify 
(6.23) 



* T2 



* * 



Zt = Z{T,uji X 
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Corollary 6.3. Let ^ e Z = ZiTi.ui) Xm---^m Z{Tr,uJr) with det(Tg) ^ . 
Then G Sym3(Z(-p-))>o o'^c? ^ lies over a super singular point of 
■M. XspecZ(p) SpecFp . Furthermore, ^ is an isolated point of Z if and only if 
^ Omodp . In this case the length of the local ring of Z at ^ is given by 

e{i) = lg{Oz,d = ev{Td , 
with CpiT^) as in Proposition 6.2. 

Since the length dominates the local intersection multiplicity in the sense of Serre 
we deduce from the formulas for ep(T) as in [12], Cor. 6.2. the following result. 

Corollary 6.4. The cycles Z{Ti, ui), . . . , Z{Tr,u>r) intersect transversally at the 
point ^ if and only if ord(detT^) — 1 . In this case, the schemes Z{Ti,uJi) are 
regular at ^ and their tangent spaces give a direct sum decomposition of the tangent 
space of M. at (the image of) ^ . 

§7. Representation densities and Eisenstein series. 

In this section we will consider the total contribution of isolated intersection points 
to the intersection product of special cycles. Since the development is analogous to 
the corresponding part of the companion paper [12], sections 7-10, we will be brief. 

For special cycles Z(Ti, wi), . . . ,Z{TrjUJr) as at the end of the last section we 
define the contribution of the isolated intersection points to the total intersection 
number as 

(7.1) (Z(Ti,a;i),...,Z(T„a;,))P-P- = J]e(e) • 

Here ^ runs over the isolated points of Z(Ti,a;i) . . . Xm Z(Tr,u!r) ■ In the 
special case r = 1 we have the cycle Z{T,u>) which lies over the supersingular 
locus of M. and consists of isolated points if and only if T e Sym3(Z(p)) is not 
divisible by p . In this case we use the notation 

(7.2) {2{T,u;))p= Yl <0 ■ 

ieZ{T,u;) 

By (6.21) and (6.23) we have 

(7.3) (Z(Ti,c.i),...,Z(T„u;,))P-P- = 5^(Z(T,c^))p , 

T 
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where the summation is over T G Sym3(Z(p))>o which have diagonal blocks 
Ti, . . . ,Tr as in (6.22) and for which p \ T . Hence it suffices to determine the 
quantity (7.2). 

By Proposition 6.2, the length of the local ring Oz(^t,lj),£, depends only on T so 
that we may write 

(7.4) {ZiT,u))p = epiT)-\Z{T,u){¥)\ . 

Here ep{T) is given by Proposition 6.2. Thus it only remains to determine |Z(T, a;)(F)| . 

As at the end of section 4, let B' be the definite quaternion algebra over k which 
is isomorphic to B at all finite places of k , and let G' be the corresponding inner 
form of G , defined by (0.2) with B' in place of B . Then G'{Qp) ~ G'p . Let K'p 
be the stabilizer of a superspecial lattice Lo E X , an Iwahori subgroup of Gp - 
cf. (5.7) and Corollary 5.2. Then the set of superspecial points in A1**(F) is in 
bijective correspondence with the double coset space, comp. (4.12), 

(7.5) G'iQ) \ (G'iQp)/K'p x G'(Aj)/i^^ 

Let V be the quadratic space over Q which is positive definite, and with 

(7.6) V'{Qp) = V; and V'(AJ) = V(AJ) . 

We note that V'{Qp) and V{Qp) have identical determinants and opposite Hasse 
invariants. Also, the quaternion algebra C'^{V') associated in section to V 
is isomorphic to B' . Indeed, it suffices to check this locally, using the fact that 
C'^{V') = Bq (8)q k for the quaternion algebra B'q over Q given by Lemma 0.2. 
For the archimedean places the assertion now follows from the positive definiteness 
of V . At the place p , both B' and (7+ (V) split since p is inert in k . For the 
finite places not dividing p the claim is obvious. 

The superspecial lattice Lq (base point) then defines a lattice in Vp , 

(7.7) V'iZp) = End{Lo,F)nV; . 

Let Q'rp be the fiber over T of the map defined by the quadratic form on V' , 

(7.8) g' : ^ Sym3(Q) . 

Then G'{Q) acts transitively on f2^(Q) and the stabilizer of a point y G fi^(Q) 
is Z'{Q) , the kernel of the projection of G'{Q) to SO{V') , comp. [12], Remark 
7.4. The usual procedure therefore gives the following expression for the cardinality 
of Z{T,u}){¥) , cf. [12], Lemma 7.1 and Theorem 7.2. 
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Proposition 7.1. Let K' = K'p.RP C G'{Af) . Let 

(/f = char(a;) , (p'^ = char(F'(Zp))^ 

and 

For arbitrary choices of a base point y G 0^(Q) and of Haar measures on G'{Af) 
and on Z'{Af) ), introduce the orbital integral 



Ori^Pf) = J <p'f{g \)dg. 



Z'{Af)\G'{Af) 

Then 

(7.9) |Z(T,a;)(F)| = vol(K')"' " vol(Z'(Q) \ Z'{Af)) ■ Or^^'f) ■ 



We therefore have obtained an exphcit expression for (7.4). 

We now want to compare this expression with the derivative of the T -th Fourier 
coefficient of a certain Eisenstein series which is associated to our data as foUows, 
[11], [12]. (See Part I of [11] for a more extensive description of such incoherent 
Eisenstein series.) We let 

(7.10) Xp : S{V{Qpf) l3{0,xv,) 

be the usual map into the induced representation of SpQ^q^ defined by Xp{(pp){g) = 
{u{g)(pp){0) where lv = co^ denotes the action of Spq^q^ on 5'(y(Qp)^) via the 
local Weil representation defined by the fixed additive character i/j . Let 

(7.11) $p = Ap((^p) with = char V"(Zp)^ . 

Here V{Zp) = A ® Zp in the notation of (2.1). We define $^ = A^((/?^) with 
(p'p = chary(Zp)"^ in the analogous way. We complete $p into an incoherent 
standard section 



(7.12) ^s) = ^Us) . ^^fis) . ^p{s) , 

where $^(s) is associated in the usual way to the Gaussian in 5'(y(]R)"^) and 
where ^^(0) = Aj(<^j)with as in Proposition 7.1. Then for h e Spe^m and 
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each T G Sym3(Q)>o which is represented by V{hF^) but not by F(Qp) we have 
(comp. [12], section 8), 

(7.13) 

E'j,{h, 0, = vol(50(y')(^) ■ pr{K')) ■ W^{h) 
W^4„(e,0,$p) , , 

WT,{e,^,%) ■ ^°K^')-'vol(Z(Q) \ Z{Kf)) ■ Ori^'^) , 

provided that uj is locally centrally symmetric, i.e. invariant under the action of 
/i2(Ap so that (p'j: is locaUy even. Here pr{K') denotes the image of K' under 
the projection map pr : G"(A/) SO{V'){Af) . Also, W^{h) is an archimedean 

5 

factor defined in analogy with W^{h) in [12], (8.24), comp. [11], section 7. 

We will see in a moment that the value of the Whittaker functional in the denom- 
inator is non-zero. 

Before stating the next proposition we recall that a nonsingular T e Sym3(Qp) 
is represented by precisely one of the quadratic spaces V{Qp) and Vp = V'{Qp) , 
[11], Proposition 1.3. 

Proposition 7.2. Let T e Sym3(Qp) with det(T) ^ . 

(i) // W^Je, 0, $p) ^ , then T e Sjm^{Zp) . 

(ii) If T ^ Sym3(Zp) and if T is represented by V{Qp) and T ^ modp, 
then 

WT,p(e,0,$;)=2-7(V;)-p-4(/-l) . 

(iii) If T e Sym3(Zp) is represented by Vp = V'{Qp) and T ^ modp, then 

<,p(e, 0, $p) = logp • ^{Vp) ■ (1 + p-2) . (1 - p-2) . ep{T) . 

The factors ^{Vp) and 7(V^') are eighth roots of unity given explicitly by Proposi- 
tion A. 4 of [11]. Moreover, 

i{Vp)Mv;) = -1. 



Remark. By (1.16) of [11], the quadratic space Vp represents T = diag{sip°'^ , S2P°'^ , £3P°'^) , 
with < ai < a2 < as and £j units precisely when: 

_-|^ _ ^_-^^ai+a2+a3 ^^_-^^ai+a2+a3+aia2+a2a3+a3ai ^^^^^a2+a3 ^^^^^ai+as ^^^^^ai+a2 
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Here x(^) = {XtP)p so that x(^) — ~1 • 

Proof. We use the well-known relation, reviewed in the Appendix to [11], between 
the values of ^^^ ^(e, s, $p) at integer values of s and representation densities. 
For a suitable basis the quadratic form on V{Zp) has matrix 

(7.14) 5 = diag(l,-l,l,-A) . 

For r > , let = S 1. , where denotes the split quadratic form of rank 
2r over Zp . Then WT,p{^,r,%) = for T e Sym3(Qp) \ Sym3(Zp) and 

(7.15) WTAe,r,^p) = l{Vp)-ap{Sr,T) , 

where ap{Sr,T) is the classical representation density of T by Sr and 7(V^) is 
the factor appearing in [11], Cor. A. 1.5. Here we have used the fact that S is 
unimodular. There is a rational function As,t{X) such that 

(7.16) ap{Sr,T) ^ As,T{p-n , 

i.e. ap{Sr, T) is a rational function oi X = p~'^ . Taking (7.15) and (7.16) together 
we obtain 



(7.17) <,^(e, 0, ^p) = -logp • ^{Vp) . ^{As,t{X)} 



x=i 



To calculate ap{Sr, T) we use Kitaoka's formulas in the form given in [12], section 
10. We use repeatedly the standard reduction formula 

(7.18) ap{N ±M,N ±L) = ap{N ±M,N)-ap{M,L) , 
valid provided the quadratic form N is unimodular. In our case let 

(7.19) T = diag(£2P"%£3P"^), T,, =diag(£l,£2P"^£3P"3) . 

Here £j e , > . Using the reduction formula (7.18) we obtain 

ap{Sr,Ts-^) ^ ap{Sr,ei) ■ ap{Sr,f) . 

Here S = diag(l, — 1, — SiA) and 8^ = 8 1- as before. Using the reduction 
formula again we obtain 



ap{H2r+A, Ts^a) = Q!p(-f^2r+45 ^1 A) • Q!p(5'^, T) , 
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and hence 

(7.20) ^^(^rjTeJ = M'S'r,£l) _ ap(H2r+4,Ts^A) , 

and 

(7.21) As,T^^{X)= J^'^^'^^L ■ Ah,,t.,AX) . 
But we have [19], Theorem 3.2, 

(7.22) ap{H2r+4,SiA) = l-p-^X , 
and 

(7.23) ap{Sr,Si) = l+p-^X , 

with X = p~'^ . For the other factor on the right hand side we use [12], Proposition 
10.3, which is, in turn, a reformulation of a result of Kitaoka [8]: 

Case a2 even: Then 
(7.24) 



1 

— 1^ 03—02 



(i-p-^x)(i-p-^x^) 2^^^^ ^xyj-)^ ^ i^v^^) 

where a = x(— £:iAe2) and where x(T) is equal to 1 if 03 is even and is equal 
to a if as is odd. Hence (comp. loc. cit.) the value of (7.24) at X = 1 is equal 
to zero if and only if x{T) = a = —1 . In this case the value of the derivative of 
(7.24) at X = 1 is equal to 

as a comparison with Proposition 6.2 shows. 
Case a2 odd: In this case 

/rr rp ^ (a2-l)/2 

with x{T) equal to x{~^i^ ' ^3) if <^3 is even and equal to x(~£2£3) if 0,3 is 
odd. This expression vanishes at X = 1 if and only if x{T) = — 1 and in this case 
the value of the derivative of (7.25) at X = 1 is equal to 

(a2-l)/2 

(7.26) - Yl p\a2 + as-M) = -ep{T,J . 
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In both cases we therefore obtain 

(7.27) ^(AH„T.,jX))|^^^ = -(l-p-2)2.ep(T,J , 

provided that T^j is not represented by H4 . Taking into account (7.21)-(7.23) we 
obtain 



d 



1+p 



-2 



(7.28) ^{As,T.,(X)} = -^-^ . (1 -p-r ■ ep(T,J 

= -(l+p-^)(l-p-2)-e^(T,J , 

provided that T^^ is not represented by S , i.e. by V{Qp) . Taking into account 
(7.17) we obtain the formula in (iii). 

We proceed in a similar way to prove (ii). For a suitable choice of a basis for V'{Zp) 
the quadratic form has matrix 

(7.29) 5' = diag(l,-l,p,-pA) . 
Using the reduction formula (7.18) twice we obtain 

(7.30) ap{S',T,,)^^4f^^.ap{S',T.,,A) , 

ap{S',-eiA) 

where 

(7.31) S' = diag{l,A,p,-pA) 

is the quadratic form given by the norm form on the maximal order of the quaternion 
division algebra over Qp . Appealing to [19], Theorem 3.2 we have 

(7.32) ap{S', ei) = 1 - p-\ ap{S', -si A) = 1 + x(-l)p"' 
and by [3], Proposition 6.10, 

(7.33) apiS', T_,,a) = 2(1 + x(-l)p-') • (p + 1) • 
Inserting (7.32) and (7.33) into (7.30) we therefore obtain 

(7.34) ap{S',Te,)^2p-'-{p^-l) . 
We have the relation 

(7.35) Wrie, 0, $;) = ^{V;) ■ • ap{S\ T) 

= 2.7(v;')-p-' •(/-!) , 
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which proves (ii). □ 

We now plug in the expressions obtained in Proposition 7.2 into (7.13) and obtain 
(7.36) 

E'rr{h,0,^) = -vol{SO{V'){R) ■ pr{K')) ■ W^{h)- 

•logP-^i^0^-/-e,(T).voW-. 
•vo1(Z(Q)\Z(A/))-Ot(^/) 
= -voliSOiV'm) ■ priK')) ■ W^ih) ■ ^logp • (p^ + 1) • (Z(T,a;))p 

Taking into account the fact that the index of the Iwahori subgroup K'^ in the 
maximal compact subgroup Kp is equal to + 1 , we finally obtain the following 
theorem. 

Theorem 7.3. Let T e Sym3(Q)>o be represented by V(A^) but not by V{Qp) . 
Also assume that uj is locally centrally symmetric. 

(i) If T ^ Sym3(Z(p)) , then Z{T,uj) = and E^{h, 0, $) = . 

(ii) If T & Sym3(Z(p)) is not divisible by p , then Z{T,u!) is zero- dimensional 
and 

E'rr{h,0,^) = ~vo\{SO{V'){R)) ■ W^{h) ■ vo\{pr{K)) ■ logp ■ {Z{T,aj))p . 

To apply this theorem to the intersection problem of special cycles consider the 
situation of the end of section 6. Let 

(7.37) W = Wi + ... + Wr 

be the decomposition of the standard 6-dimensional symplectic space into symplec- 
tic subspaces of dimension 2ni compatible with the fixed symplectic basis, and 
let 

(7.38) L : Hi^A X ... X Hr,A — > Spe,A 

be the corresponding homomorphism of metaplectic groups, covering the embedding 

(7.39) t : Sp{Wi,A) X ... X Sp{Wr,A) Spe,A • 

Restricting to the archimedean place, for (hi, . . . , hr) G Hi^-r x . . . x Hr,R we have 

(7.40) W}{i{hi,...,hr))^Wl{hi)-...-Wl{hr) , 

where T has diagonal blocks Ti , . . . , Tj. . 
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Corollary 7.4. We have the following identity, provided that ui, . . . o,f^ lo- 
cally centrally symmetric. 

J2 EMhu • • • , hr\ 0, = -^yo\{SO{V'm) ■ (h,) . . . Wl{h,y 

T 

■ VOI(K) ■ logp ■ {Z{T^,Ui), Z{Tr,UJr))r'"' 

Here the summation runs over T e Sym3(Z(p))>o with diagonal blocks Ti, . . . , 
and such that (i) T is represented by V{A^) but not by V{Qp) and (ii) T ^ 
modp . Also $ is determined as in (7.12) with u! = uji x . . . x ujr . 

We note that as in [11] the left side of this expression is part of the Fourier coefficient 
corresponding to (Ti, . . . , Tr) of the puUback of E'{g, 0, ^») to Hi^a x . . . x Hr,A ■ 

§8. Components of Z{T,u;)nM^^ . 

When T e Sym^(Z(p))>o is divisible by p, i.e., when T = , Theorem 6.1 says 
that (iniage(Z(T, a;)) n Al^^(F) is a union of certain components P^^ of A1®^(F) . 
In this section, we describe the configurations of components which occur, in terms 
of the matrix T . We again consider the isocrystal C associated to a fixed base 
point e = iA,X,L,rf) e M^%¥) . 

Recall, from (5.1), that Vp = {j e End(>C, F)^^) ; j* = j} is the space of special 
endomorphisms of the graded, polarized isocrystal (£, < , >,<-). Suppose that 
T e pSym„(Z(p)) and that j e (V^')" with Q'(j) = T . We want to determine the 
set 

(8.1) X(j):={LeX; je(iVL)"}. 

Obviously this only depends on the Zp -submodule of Vp spanned by the compo- 
nents of j . Thus we can work with a Zp -basis for this submodule for which the 
restriction of the quadratic form Q' is diagonal. 

We begin by determining, for j e V^' , the set 

(8.2) Xij) = {LeX; jeNL} . 
We will always assume that j is not isotropic, i.e. . 



Recall from the end of section 4 the set 

(8.3) Yi = {LiGCi; F'^U = pU }, 
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and let 

(8.4) Y,{j) = {L,eYi; j{Li) C FLi}. 
Then, combining Proposition 5.5 and Proposition 4.4, we have: 

Proposition 8.1. There is a natural surjection 

II II PL,(F)^X(j). 

Thus, we must give a description of the sets Yi{j) , for z = 0, 1 . These sets are 
invariant under homothety and FYo{j) = Yi{j) , since j commutes with F . Thus, 
it suffices to consider Yo{j) . 

Let 

(8.5) U = Uo = {Co) 



be the 2 -dimensional Qp2 -vector space of fixed points of the cr^ -linear endomor- 
phism p~~^F'^ . This space comes equipped with a nondegenerate alternating form 
< , > valued in Qp2 . Moreover, G'p preserves U and restriction yields an iso- 
morphism 

G'p^{geGL{U) ; det(^)eQ;}, 

cf. (5.7). 

The set Yq is then precisely the set of W -lattices in Cq — U ®q^2 ^ of the form 
Lq = A (8Zp2 ^ : where A = (-^o)^ ^ is a Zp2 -lattice in U . Let Bq be the set 
of Zp2 -lattices A in U up to homothety, i.e., the set of vertices of the building B 
for the group PGL{U) . The natural surjection 

(8.6) pr:Yo^Bo 

is given by Lq = A <Si W ^-^ [A] . 

Let j E Vp . The endomorphism F~^j of C has degree , is -linear, and 

-1^2 

commutes with F . It therefore induces a a -linear endomorphism of U = jCq , 



(8.7) 



P = F-^j\u. 
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Obviously (3 conversely determines j . The condition j* = j is equivalent to 
f'^ = f3* where * is defined by 

(8.8) < Px,y> = <x,P*y>'' . 
Indeed, for x and y & U , 

< (3x, y > = < F~^jx, y > = < jx, Fy 

= < x,jp~^Fy = < x,F~^jy = < x,Py . 
We will refer to the elements of the space 

(8.9) Vp := {13 e Endq^iU) ; /? is cr-linear, and f3* = (3 } 

as special endomorphisms of {U, < , >) . Of course, as Qp -vector spaces, ~ V^' 
via the map (8.7). Define a quadratic form Q" on V^' by 

(8.10) = g"(/3) . 1^, 
and note that 

(8.11) Q\3)-PQ"{^). 
since 

Q"{I3) <x,y>'' =<px,py> = < F'^jx^F'^jy > 

= p-^ < jxjy = p-^Q'U) <x,y>'' . 

If ei, 62 is a Qp2 -basis for U for which < ei, 62 >= 1 , then a o" -linear endomor- 
phism can be written in the form 

and 

where = 1 on t/ . Thus /? is special if it has the form 

(8.12) I3=[l ^^)a, 

for a, b, and c e Qp2 with b"' = -b and = -c . Then Q"(/?) = aa"" - be . 

If /? e Vp" and j e Vp' are related by (8.7), then Lq = A W E Yo{j) if 
and only if /3(A) C A . Our description of Yo{j) depends on the following simple 
observation which goes back to Kottwitz and Tate (comp. [13], Lemma 2.4). A 
special endomorphism (3 of U induces an involution on B (since we are always 
assuming that = Q"i/3) ■ lu with Q"{(3) 7^ ). Let denote the fixed point 
set of P . Also let d{x, y) denote the distance in the building. 
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Lemma 8.2. If P is a special endomorphism of U , then 

P(A) c A ^ diiPiA)], [A]) < OTdpiQ"iP)) = ordp(det/5) 
^ d([A],i3^)<l-ordp(Q"(/3)) . 

For a special endomorphism P oi U , let 

(8.13) T{P) = {xeB ; d{x,B'^) < ^ordp(det/3) } 

be the closed tube of radius \ ■ ordp(det /5) around the fixed point set. Let T(/3)o 
be the set of vertices in T(/?) . 

Corollary 8.3. For a special endomorphism P of U corresponding to a special 
endomorphism j &Vp , via ( 8. 7), 

^o(j) = pr-'(r(/5)o)~Zxr(/5)o, 

where pr is the projection of (8.6). □ 

Returning to our n -tuple of special endomorphisms j , let = . . . , be 
the corresponding tuple of special endomorphisms of t/ . As noted above, the sets 
X(j) and lo(j) depend only on the Zp-span of the components of j . Thus, by 
changing the Zp -basis if necessary, we may assume that the matrix T is of the 
form 

(8.14) T = g'(j) = diag(£lp«^ . . . , £,p«-) 
with 1 < ai < ■ ■ ■ < an ■ It follows by (8.11) that 

(8.15) Q"{fi)^dmg{e^p'\...,er^p'^-)^p-'T, 
with ri = ai — 1 . 

Corollary 8.4. Let 

r{p) :=r(A)n---nT(/3,). 

Then 

^o(j) = pr-^(r(^)o) ~ Z X r(^)o. □ 
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Let us now return to X{j) . Suppose we are given a path in the building B with 
consecutive vertices xq, xi, ...,,xv, .... Let Aq D Ai D ■ ■ ■ D D . . . be 
a corresponding sequence of lattices in U with (A^ : A^^i) — 1 . Construct a 
sequence of lattices 

(8.16) Lo = Ao (g) W, Li = F-^(Ai ®W), ...Lr = F'^Ar 0W)..., 

where eYq if r is even and Lr eYi if r is odd. Associated to this sequence 
of lattices is a 'chain' of 's 

(8.17) Pio, Pi,, ...,Pl,, ... 

in X . These P^ 's cross at the sequence of superspecial lattices: 

LoeLi =Pl, HPl,, 
L2©Li =Pl, nPi,, 

(8.18) L2©L3 = Pl, nPL3, 

i^2t©i^2t±l =PL2t nPL,,±,, 

. . . , 

which can be viewed as indexed by the edges in the path. Moreover, if the path 
lies in T{(3) , then the chain of P^ 's lies in X{j) . 

A given path also gives rise to additional chains of P^ 's obtained from the first 
by applying powers of F . These chains are all disjoint (consider the index in a 
fixed lattice in U). More generally, any connected subset of B can be viewed as 
the dual graph to a connected curve of P-*^ 's in X , uniquely determined up to the 
action of F . 

Applying these considerations to T{P) , we obtain the following. 

Proposition 8.5. The set X(j) is a disjoint union of copies, indexed by Z , of 
a connected union of P^ 's. The dual graph of a connected component is naturally 
isomorphic to T{P) , where P and j are related by (8.7). In particular, the number 
of P-^ 's in a connected component is |T(^)o| . The number of crossing points in a 
connected component is \T[P)i \ , where denotes the set of edges contained 

in T{P) . 
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It thus remains to obtain a better understanding of the sets T{P) . To this end we 
collect some facts on the action of special endomorphisms on the building B . We 
first note that the building B has the property that every pair of points x and 
y is joined by a unique geodesic and that every path from x to y contains that 
geodesic. 

Lemma 8.6. (i) For a special endomorphism (5 of U , the fixed point set B^ is 
connected. 

(a) If X E B , then the midpoint of the unique geodesic in B joining x and (3{x) 
is fixed by (3 and is the point of B^ nearest to x . If x E , then this geodesic 
lies in T{(3) . 

(Hi) The set T{/3) contains the geodesic joining any two of its points. 

(iv) If Pi, ... , Prn o-f^ special endomorphisms of U , then T{Pi) n • • • n T{(3rn) is 

connected. 

Proof. If X and y are fixed points of /? in B , then the unique geodesic in B 
joining x and y is also fixed. This proves (i) since non-emptyness follows from 
(ii). The assertion (ii) follows from the fact that induces an involution of B 
(comp. [13], Lemma 2.4.) and was in fact used in the proof of Lemma 8.2 above. 
The set T(/5) is connected since each point of it is connected to B^ by a geodesic 
in T{P) , and is connected. Since the geodesic joining any pair of points is 
a subset of any path joining them, (iii) follows. Finally, (iv) is immediate from 
(in). □ 

Lemma 8.7. Let /3 be a special endomorphism of U . 

(i) If ordp(Q"(/?)) is even, then ~ B{PGL2{Qp)) . 

(ii) If ordp{Q" {(3)) is odd, then B^ is a single point, which is a midpoint of an 
edge. 

Proof. The centralizer in GL2{Qp2) of the cr -linear endomorphism is a 
Qp-form of GL2 , and obviously B{PGp) d B^ . If ordp(Q"(/?)) is even, then 
Gp ~ GL2{Qp) , while, if ordp(Q"(/?)) is odd, then ~ . In the latter case 
B{PGi3) = B^ is a midpoint. Let us show that also in the first case B{PGp) = B^ . 
After correcting /? by a power of p we may assume that (3'^ = lu . If A is 
a representative of a vertex of B^ , then (3 induces a a -linear automorphism 
(3 : A/pA — > A/pA. But P defines an Fp -rational structure on P(A/pA) which 
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cannot have more than p + 1 ¥p -rational points. The assertion foUows since 
is connected, cf. Lemma 8.6, (i). □ 

Lemma 8.8. Suppose that /3i,...,/3n is a collection of special endomorphisms 
which anticommute, i.e., such that PiPj + (3j(3i — for i ^ j ■ The set of common 
fixed points B^^ n • • • n B^"- is nonempty and connected. 

Proof. The set B^^ is preserved by Pj for each j . If xi e , then the mid- 
point Xi2 of the geodesic from xi to P2{xi) lies in B^^ f] B^'^ , by (i) and (ii) of 
Lemma 8.6. The midpoint X123 of the geodesic joining X12 and P3{xi2) hes in 

^/3i n n Bf^^ , etc. □ 

Lemma 8.9. For a collection of special endomorphism Pi , as in Lemma 8.8, and 
a point X E B , let Xi E B^^ be the point closest to x , and let di = d{x, Xi) = 
d{x, B^*) . Assume that d\ < d2 < ■ ■ ■ < d^ . Then 

xi e 

X2 e B^^ n 

^3 e B^' n n B^^ 

a;„ eB^i n---nB^". 

Moreover, if, for some i , di = di+i , then Xi — x^+i . Finally, for any i with 
1 < i < n , the geodesic from x to Xi is 

[x,Xi] = [x,Xi][xi,X2\ . . . [Xi-i,Xi]. □ 

Now return to the set T{P) of CoroUary 8.4, where the Pi 's anticommute and 
where < ri < • • • < r„ , as in (8.14). 

First suppose that ri is odd. Then B^^ is the midpoint of an edge, and B^'^ C 
for aU i . Since ri < , for aU i , 

r(A) c r{pi) 

for all i , and hence T{0) is simply the ball of radius ri /2 centered at the point 
Bf^^. 
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Next suppose that ri = 2t is even. There is a unit u G Z^a such that f3o : = 
u~^p~^/3i satisfies Pq = 1 . Note however that (3o is no longer a special endomor- 
phism. We may then write U = (8>Qj, Qp2 , where is the fixed point set of 
/3o . This gives a natural isomorphism = B^^" ~ B{PGL(U^)) , which is given 
on vertices by [A] i— >• [A^] , for A = A° , where A*^ is a Zp -lattice in C/° . 

We fix a basis ei, 62 for C/° and write /3i = wp* • a = «p* • /3o • For i > 2 , define 
the matrix 7j e GL2{Qp2) by /3i = 'jiuSa . Then the relation /3i/?i = —PiPi is 
equivalent to 7^ e GL2(Qj5) . Next we claim that is a scalar matrix. Indeed, 
we have 

Pi = {'yiu5a){-fiu5a). 

Since PiPi = —PiPi , we have 

ua{'jiuSa) = —{'jiuSa)ua, i.e., u'jiu'^S"^ = —jiuSu^. 
But 5 = —5^ • (scalar) , and hence 

u^i = liU. 

Therefore, 

But uu"^ = is a scalar matrix, hence, since 

is a scalar matrix, so is 7^ , as claimed. 
Moreover, 

lilj + Ijli = 0, for ij^j, and 7^ = -A'^e^^eip'''. 
Under the isomorphism B^^ ~ B{PGL{Uq)) =: B° we have 

where B^-'''* is the fixed point set of 7^ in B^ . 
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Lemma 8.10. Let 7 G GL2(Qp) with tr(7) = . Then 

{an apartment if ^'^ e Qp'^? 
a vertex if ^"^ ^ Qp '^j OJ^^^ ordp(7^) is even, 

a midpoint if ^'^ ^ Qp '^j ond ordp(7^) is odd. 

Furthermore 7 generates a split, unramified elliptic, or ramified elliptic Cartan 
subgroup of GL2{Qp) in the three cases respectively. 

Proof. The matrix 7 has two eigenhnes in P-^(Qp) . In the first case, these he 
in P"^(Qp) , the boundary of , and the (infinite) geodesic joining them is the 
apartment fixed by 7 . The other two cases are clear. □ 

Corresponding to the cases we call (3i {i > 2) split, unramified elliptic or ramified 
elliptic. 

Lemma 8.11. Assume that ri is even. If Pi is ramified elliptic (resp. unramified 
elliptic) for some i >2 , then (3j is not unramified elliptic ( resp. ramified elliptic) 
for any j >2 . 

Proof. Otherwise one fixed point set would be a midpoint of an edge and the other 
a vertex in B° , contradicting Lemma 8.8. □ 

Lemma 8.12. If n = 3 or A , then := B^T\ ■ ■ ■ r\ B^" is a point. This point 
is a midpoint if at least one r^ is odd and is a vertex if all r^ are even. 

Proof. This is immediate if any of the 's is odd, so suppose that each ri is even. 
We may assume that fl iS^^ ~ ^0-72 jg g^j^ apartment associated to the two 
eigenlines of 72 in Since 7273 = —7372 , these eigenlines are switched by 

73 , so that 73 preserves B^''^'^ and acts by a reflection through some unique fixed 
point. This point is a vertex B'^'^'^ , since ordp(73) is even. If n — 4 , 74 also fixes 
this vertex. □ 

Proposition 8.13. If n = 3 or 4^ then T{0)q consists of a single vertex if 
and only if ri = r2 = and if ri is even for i > 3 and furthermore rs = 
^/ x(~^i^2) = —1 • Equivalently, by Proposition 8.5, each connected component 
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of Z{T,uj) n Ai^^ is irreducible of dimension 1 if and only if T is GL^{7jp) - 
equivalent to diag(p, £2^, eap"-^) with 0,3 odd and with 0,3 = 1 if x(— £2) = ~1 
resp. GL4{Zp) -equivalent to diag(p, £2P, £3^"^, £4^"'') with as and a^ odd and 
as = 1 if x(-£2) = -1 • 

Proof. If there exists i > 1 with odd, then consists of the midpoint of an 
edge and both vertices of this edge belong to T{0)q . Hence, if T{P)q consists of 
a single vertex, all have to be even. The unique vertex xq in belongs to 
T{/3)q . If Ti > 2 , then any vertex with distance 1 from xq in B also belongs to 
T(/3)o , hence ri = . A similar argument applied to B^ = B^^ shows that r2 = . 
However, in this case P2 is unramified elliptic iff A£i£2) = —1 • For such a /?2 , 
p gi32 ^ ^0,72 consists of the single vertex xq and (T(/3i) n T(/32))o = {2^0} • 
If x(— A£ie2) = 1 5 then B^^ fl B^^ = B^'~^'^ is an apartment in B^ . To exclude 
the vertices on this apartment from T[P)q we must have rs = . The result 
follows. □ 

It seems to us that the cases enumerated in Proposition 8.13 are the simplest to con- 
sider when one wants to determine the contribution of Z{T,uj) to the intersection 
product of special cycles Z(Ti, cji), . . . , ZiT^^ oJr) in the case of excess intersection. 
The hope would be to obtain a result similar to Corollary 7.4. 

In general, the determination of the number of irreducible components within one 
connected component of Z{T,uj) fl M.^^ , or equivalently of \T{fi)^\ is a tedious 
exercise. Assume again that ri < r2 < . . . < . If ri is odd, then T(/3) is a ball 
of radius ri/2 around the midpoint of an edge. Hence in this case 

(8.19) |T(^)o| =2(l+p2+p4^___^^2(ri-l)/2) _ 

Next assume that r\ is even. Assume that n = 3 . 

By Lemma 8.11, there are then seven cases: 

(1) 72 is split, 73 is unramified elliptic, i.e., ri , r2 even, x(— £162) = —1 , 

X(-£l£3) = 1 , 

(2) 72 is split, 73 is ramified elliptic, i.e., r\ even, r2 odd, x{~^i^2) = —1 ■> 

(3) 72 is unramified elliptic, 73 is split, i.e., ri , r2 even, x(~^i^2) = 1 ? 

X(-£l£3) = -1 , 

(4) 72 is ramified elliptic, 73 is split, i.e., ri odd, r2 even, x(— £163) = —1 , 
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(5) 72 and 73 are unramified elliptic, i.e., ri , r2 even, x(— £i£2) = 1 , 

X(-£i£3) = 1 , 

(6) 72 and 73 are ramified elliptic, i.e., ri , r2 odd, 

(7) 72 and 73 are split, i.e., ri , r2 even, x(-£i£2) = -1 , x(-£i£3) = -1 • 

Le^ Its determine the cardinality \T{0)q\ in the case (1). At the fixed vertex xq = 
, there are + 1 edges, —p of which lie outside of = B^^ and p + 1 of 
which lie in B° . If we move along a path beginning with an edge running out of 
B° , then our distances di , ^2 , and ^3 from B^^^ = B^ , B^"^ and increase at 
the same rate. Hence, we remain inside of T{P) if and only if we move a distance 
at most ri/2 . The number of vertices in T{P) reached in this fashion is therefore: 

(8.20) 1 + (/ - p) (1 + / + / + . . . + /(r-i/2-1)^ _ 

The leading 1 in this expression is the contribution of the vertex xq . Among the 
initial edges in , there are two which lie in the apartment B^'"^'^ , and p — 1 
which lie outside of it. Suppose that we move a distance j > 1 , beginning along 
one of these latter p — 1 edges, and arrive at a vertex y . The point y has distances 
(ii = , and d2 = ds = j from , B^'^ and B^^ respectively. If we then move 
out of B*^ along one of the p^ — p available initial edges at y , we may move at 
most an additional min(ri/2, r2/2 — j) steps. There are 

(8.21) l + ^p^-p)(^l+p^+p^ + ...+ ^2(min(ri/2,r./2-,)-l)^ 

points of T{0) reached in this fashion, and so the number of points of T{P) reached 
along the p — I initial edges lying in B^ but outside of B^''^'^ is 

r2/2 

(8.22) (J9 - 1) ^ 1 + (^2 - p)(l +p2 ^ / + . . . + p2{min(r^/2,r,/2-j)-l)y 

Finally, suppose that we begin along one of the two initial edges in the apartment 
B'^''^^ , and move a distance > 1 in the apartment, arriving at a point y with 
distances di = ^2 = and d^ = k . There are p — 1 edges at y which lie in B^ 
but outside B^'~''^ , and p^ — p edges lying outside of B^ . The number of vertices 
of T{P) reached along paths beginning on the p—1 initial edges is p — 1 times 

min(r2/2,r3/2-fc) 

(8.23) l + (p2_p)(i+p2^p4^...+p2("''"("^/''"^/'-^'"^/'-'^-^')-'0. 

3 = 1 
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The number of vertices of reached along paths beginning on the — p 

'vertical' initial edges is 

(8.24) l + (p-^-p){^l+p^+p^ + ...+ p2(min(ri/2,r3/2-fc)-l)^_ 

Here the leading 1 counts the vertex y itself. Combining these contributions, we 

obtain 

(8.25) 

= 1 + p) (1 + + ^('^1/2-1)) 

r2/2 

+ (p - 1) 5^ 1 + (p2 -p)(l +p2 +^4 ^ . . . ^ ^2(m.n(.i/2,r,/2-,)-l)^) 
J = l 

r3/2 

+ 2 J] 1 + (p2 - p) (1 + p2 + ^4 ^ . . . ^ ^2(min(ri/2,r3/2-/o)-l)) 
k=l 

+ 2(P-1)^ 

m.in{r2/2,ra/2-k) 

1 + (p2 _ ^) (1 + ^2 ^ ^4 ^ . . . ^ ^2(min(ri/2,r./2-,-,r3/2-fc-,)-l)^ _ 

Similar explicit expressions may be obtained in the remaining 6 cases; we will not 
give them here. 

We conclude this section by establishing a link between the quantity |T(/?)o| and 
the representation density of certain quadratic forms. 

The group G'^ acts transitively on the set of Zp2 -lattices in U . Fix a Zp2 -lattice 
Aq in [/ , and let K'^ be the stabilizer of Aq in G'^ . The stabilizer of the point 
[Ao] e i3 is KpZp , where Z'^ is the group of scalar matrices in Gp . Let 

(8.26) No = {Pe V;-, /5(Ao) C Aq}. 
Note that, for g e G'p and (3 e , 

(8.27) /5(5'(Ao)) C ^(Ao) ^ g'^^g e Nq. 

This condition depends only on the coset gK^Z^ . Let (/^^'^ G S{Vp) , the Schwartz 
space of Vp , be the characteristic function of the lattice A'^o , and let 

(8.28) <p'p = <p'f^...®<p'feS{{V;r) 
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be the characteristic function of Nq . Let /3 G (V^")" be an n -tuple of special 
endomorphisms of U such that Q"{0) — p~^T . Then, 

(8.29) [A] = [^(Ao)] e r(/?)o ^ ^'^{g-'m = 1- 
It follows that 

(8.30) \T{p)o\ = \{gK'^Z'^; ^'^{g'^pg) = l}| 

= / ^'^{g-^mdg, 

where the measure on Z'^\G'p is taken so that vol{Zp\K'pZ'p) = 1 . Note that, if 
we write P e Vp in the form 

(8.31) P = PoCT = 

as in (8.12) above, then Pq e Gp , and the action of g E G'p C GL2(Qp2) is given 
by twisted conjugacy of Pq : 

(8.32) g-^Pg = g'^Pog'^a. 

Thus \T{P)o\ is given by a kind of twisted orbital integral. Of course, the integral 
in (8.30) will not be finite, in general, if Gp{P) , the pointwise stabilizer of P is not 
compact modulo the center. 

Lemma 8.14. If n = 3 or 4 , then Gp{P) = Z'p , and the quantities in (8.30) are 
finite. 

Proof Note that G'p/Z'p ~ SO{Vl') , and that, since det(T) , the compo- 
nents of P span an n -dimensional non-degenerate subspace of Vp . The group 
Gp{P)/Zp ~ SO{Vp){P) acts trivially on this span, and hence is trivial (via, 
det = 1 when n = 3). Thus, by Witt's Theorem, the map g i— > g~^Pg gives 
a bijection - in fact a homeomorphism - of G'p/Zp to the hyperboloid 

(8.33) ^T = {xe (F;0"; Q"{^) = P~'T}- 

Since Qt is closed in (V^")" since Nq is compact, the support of the function 
g I— > (p'p{g~^Pg) is compact in G'pjZ'p , and the integral in (8.30) is finite. □ 
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Finally, let S be the matrix for the quadratic form Q" on the rank 4 Zp -lattice 
A^o 7 with respect to some Zp -basis. Then the classical representation density of 
p~^T by S is 

(8.34) a(5,p-^T) = lim p*^'^-^") / <p'{x)dx 

t— »oo J ^ 

S[x]-T = (mod p*) 




<f' Jx) diJ,T{x) 



= [ ip'p{g-^pg)dTg. 
Jg' /z' 

Here dx is the Haar measure on V^' which is self dual with respect to the bilinear 
form associated to Q" , and d^iT is the measure on VIt which is defined by the 
limit in the first line. Note that dfiT is invariant under G'^/Zp — SO{Vp) . Finally, 
drg is the Haar measure on G'^jZ^ coming from d[XT under the homeomorphism 
G'p/Zp ~ VLt ■ It only remains, then, to determine Yo\{KpZp/ Z'p, drg) ■ 

Consider the case n = 3 . Let be a top degree, translation invariant, differential 
form on (Vp)^ whose associated measure dx is self dual with respect to the bilinear 
pairing coming from Q" . Let i] he a top degree differential form on Symg such 
that the volume of Sym3(Zp) for the associated measure is 1 . Let /i : (Vp)^ 
Symg be the map taking x to Q"{x) or, rather, its algebro-geometric counterpart. 
Note that fi is equivariant for the action of GL{3) , and that, for h G GL{3) , 
h*{uj) = dct{h)^uj , and h*{r]) = det(/i)4?7 . There is a differential form r on (Vp)^ 
of degree 6 such that 

(8.35) a; = TA//*(r/), 

and h*{T) = r . Moreover, r can be taken to be invariant under the action of 
SO{Vi;) . Then, for any T G /^(l/")^ c Sym3(Qp) with det(T) 7^ , the measure 
djjiT on VLt , defined above, is precisely the measure defined by the restriction of r 
to Q.T ■ The invariance properties of r imply that the puUback i*(r) to SOiV) 
via a map ix ■ SO{V) (^")"^ 5 9 ^ 9 ' ^ 1 where det(/x(a;)) 7^ , is independent 
of X. Thus, the measure dTg and the volume k"^ := yol{KpZp/Zp, dxg) are 
independent of T . 

Theorem 8.15. For any T G pSym^{Zp) with det(T) ^ 0, and for any /3 G 
{V;)^ with T^pQ"{P), 

\T{PU = {l-p-^)-^-ap{S,p-^T), 



71 



where ap{S,p ^T) is the representation density of the quadratic form p by 
the quadratic form Q" on Nq . 

Proof. By what was said above, both sides of this identity differ by a multipHcative 
constant independent of T . To evaluate this constant we take T = dia,g{p, p,p) . 
By Proposition 8.13 we have |T(/3)o| = 1 . On the other hand, putting T' = 
p~^T = diag(l, 1, 1) we have ap{S, T') = 1 — , as is checked easily using the 
reduction formulae. 

Remark 8.16. For a suitable basis for the lattice A^o in the 4 -dimensional Qp- 
vector space V^' , we have 

(8.36) 5 = diag(l,l,l,A), 

where A G is a nonsquare. In the case in which 5" is a hyperbolic space 
of dimension 4, i.e., if A were a square, explicit formulas for the representation 
densities ap{S,T') where T' = dia,g{eip'^^ , e2P^^ , Ssp^^) with < ri < r2 < rs , 
were found by Kitaoka, comp. section 7. In our case. Theorem 8.15 reduces the 
computation of the densities, to the problem of counting the number of vertices 
\T{f3)o \ . As explained above (at least in one of seven cases) this can be done 
explicitly. The use of these explicit computations in the building is, however, limited 
since one wants to determine more generally the representation densities ap{Sr, T') 
where Sr = S -L for any r > , comp. section 7 above. In these more general 
cases this combinatorial method seems difficult to handle. However, just as in the 
case of the usual (twisted) orbital integrals [15] it should not be forgotten. 

We end this section with a global result. Let us fix T G Sym3(Z(p))>o and uj G 
V{hF^Y ■ i = 0, 1 let us consider the following subset I{T,lo) of 

(8.37) n'j,iQ) xYiX G'{AP)/KP . 

Here G' is the usual inner form of G (comp. beginning of section 7) and is 
the hyperbola defined in (7.8). The subset consists of the triples {x, L,gKP) such 
that 

(i) 9~^xg e uj 

(ii) L G Yi[j) , where j = x{p) is the p -component of x. 

The set of irreducible components of the supersingular locus 2^(T, a;) n A^** breaks 
up into two disjoint subsets, one for z = and one for z = 1 , which are inter- 
changed by the Frobenius in Gal(Fp2 /Fp) (comp. end of section 4). For each subset 
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we have 

(8.38) lTTed{Z{T,ojy')i = G'{Q)\I{T,uj) . 

The group G' (Q) / Z' (Q) acts simply transitively on 0^(Q) . Let us fix a base 
point X and let us put = Fi(x(p)) . Let us also set 

(8.39) /(x,a;) = {g e G'{^)/K^; g^g'' e oj} . 
Then we may write 

(8.40) Irred(Z(r,a;)^^), = Z'(Q)\[y,(j)x/(x,cc;)] . 
Let 

(8.41) Z'(Q)0 ^{ze Z'iQ); ordp{z) = 0} . 
Then Z'(Q)° acts trivially on Yi{j) . We have 

(8.42) Z'(Q) =<p> xZ'^^^o 



and p acts faithfully on li(j) . We may identify the quotient space for this action 
with T(j)o , comp. Corollary 8.4. Hence we obtain 

(8.43) Irred(Z(T,a;)-)i = r(j)ox(Z'(Q)0\/(x,a;)) . 

The cardinality of the second factor in (8.43) is given by an orbital integral, comp. 
Prop. 7.1, 

(8.44) |Z'(Q)0\/(x,a;)| = vol(K^')-i.OT(<^?) • 

Similarly, the cardinality of the first factor is given by a kind of twisted orbital 
integral. For this fix a base lattice Aq G U and introduce the lattice of Vp , 

(8.45) V"{Zp) = {Pe V;-, P{Ao) C Ao} . 
Let 

(8.46) ip'^ = char V"{Zpf . 
Then, setting /? = F~^j , we have 

(8.47) |T(j)o|=vol(i^p)-i- j ip';{g-^Pg)dg . 

Z'(Qp)\G'(Qj,) 

Taking (8.44) and (8.47) together we obtain the following formula. 
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Proposition 8.17. The number of irreducible components of the supersingular 
locus Z{T,u!) n is equal to 

2.Yo\{K)-^-TOT{f';)-OT{^f) . 

Here TOT{<fip) denotes the integral appearing in (8.47). 

Something analogous can, of course, also be done to write the cardinality of the 
set of superspecial points of Z{T,uj) as a product of an orbital integral and a 
kind of twisted orbital integral. We do not know whether these expressions have 
a global significance, i.e. are related to automorphic forms (Eisenstein series?) or 
some (relative?) trace formula. 

§9. Components in the Siegel case. 

The purpose of this section is to show that the method of the previous section may 
also be applied to the case considered in the companion paper [12], with similar 
results. The notations in this section will be different from those used in the rest 
of the paper. As mentioned in the introduction, this section benefitted from the 
corrections and suggestions of Ch. Kaiser. Also, it is based on his results in [6]. 

We begin by briefly recalling the situation considered in sections 4 and 5 of [12]. 
Recall from loc. cit. the polarized isocrystal (£, < , >) . Then dim^; £ = 4 and 
all slopes of F are equal to 1/2 . Let 

(9.1) U={C)P~'^" . 

Then U is a Qp2 -form of £■ and is equipped with the symplectic form < , > . 
Furthermore, U is a B'^ -vector space of dimension 2. Here 

(9.2) B'p ^ Qp2 + Qp2U, U^^p, na = a"n 

is the quaternion division algebra over Qp which acts on U via 11 i-^ F . On U 
we have the B'^ -hermitian form (with respect to the main involution of -B^ ) , 

(9.3) ( , ) : C/ X C/ ^ 5; 
defined by 

{x, y) = - < x,Ily > S+ < x,y > -511 , 
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for our fixed element 5 G Z^, for wfiicfi 6'^ — —6 . The twisted form of the 
symplectic group may be identified with 

G'iQp) = {ge GLb'^{U); {gx,gy) = v{g) ■ {x,y), v{g) e Q^} . 

Recall the set of distinguished lattices in C , 

(9.4) X = {LcC; Ld FLDpL, FL = c-L^ for some ceIC''} . 

A distinguished lattice L is stable under p~^F'^ and defines therefore a lattice A = 
(L)P ^ in U . This lattice is stable under the maximal order Op = Zp2 + Zp2 11 
in Bp . In this way we obtain a one-to-one correspondence between X and the set 
of Op -lattices A in U such that 

(9.5) A^ = c • n • A , some c e Q^2 • 
Here 

(9.6) = {xe U; {x,A) c Op} ^{xeU; <x,A>G Zp} . 
Recall the set of special endomorphisms of C , 

(9.7) V; = {j e End(£, F); f = j, tv{j) = 0} . 

It is equipped with the quadratic form q{j) = ■ For L e X we consider 

(9.8) AT^ = {j e V;-, j{L) CL} = {j e v;-, j(A) C A} . 

Here again A = {L)p ^ . As in the previous section we fix T e Sym^(Z(p)) with 
det(T) ^ and j G {VpY with ^(j) = T . Consider the set 

(9.9) X(j) = {L e X; j e ATf} . 

Then, by theorems 5.12 and 5.13 of [12], there is a one-to-one correspondence 
between X(j) and those projective lines of special lattices whose projection to 
the supersingular locus M.^^ lies entirely in the image of the special cycle Z{T,(jj) , 
cf. [12], section 5. Therefore it suffices to determine X{i) resp. for a single j G Vp 
the corresponding set X{j) . Consider the building B of G^^(Qp) . It is a tree. 
Its vertices correspond to S^-homothety classes [A] of -lattices in U which 
are fixed under the involution induced by A i-^ A-*- , comp. [6], section 5. There 
are two types of vertices. One of them comes from a distinguished lattice, i.e. is 
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represented by a lattice A satisfying (9.5). We denote by Bq the set of vertices of 
this type. The other is represented by a lattice A with 



(9.10) A^ = c-A , somece'^'' 



r,2 : 



i.e. A = (L)P ^ comes from a superspecial lattice L C £ in the sense of section 
4 of [12]. An edge in B is represented by two lattices of opposite types with 

(9.11) nA c A' c A . 

Any j E Vp , with q{j) ^ induces an involution of B . Since we have a theory of 
elementary divisors for Op -lattices and since i3 is a tree the proof of [13] , Lemma 
2.4 (i.e. of Kottwitz and Tate) applies and gives the following result. 

Lemma 9.1. Let j & Vp with q{j) ^ . For a Op -lattice A in U representing 
a vertex [A] & B we have 

j(A) c A ^ d{[j{A)], [A]) < 2 ordpg(j) 
^d([A],B^)<ordpg(j) . 



We used here that g(j)^ = NmP{j) when j is considered as an element of 
GLB'^{U)^GL^{Bp^^). 

For j e Vp we introduce 

(9.12) T{3) = {xeB; d{x,B^) < ovdpq{j)} 
and 

(9.13) T{j)o = T{j)nBo 
Denoting by 

pr:X— .^0 , L^[A] 
the natural projection we therefore obtain the following result. 

Corollary 9.2. For j e Vp with q{j) ^ we have 

Xij) = pT-\T{j)o)^ZxT{j)o . 



76 



On the right hand side the first factor Z enumerates the connected components of 
X{j) . 

Similarly, if j G (V^')" with non-singular T = q{i) we may change the basis of the 
Zp -span of the components such that the components ji satisfy q{ji) ^ . Then 
we put 

(9.14) r(j) = r(ji) n . . . n r(i„) and r(j)o = r(j) n Bo 

By Lemma 9.1 this is independent of the choice of basis. 



Corollary 9.3. 

X(j) = pr-^(r(j)o)=ZxT(j)o 



It therefore remains to obtain a better understanding of the sets T(j) , especially 
of the fixed point sets in B of special endomorphisms. 

We review the results of Kaiser [6] . To state these results we will call j e V^' with 

svlit, if q{3) e 

unramified elliptic, if q{j) G Qp — Qp and ordpq{j) even 
ramified elliptic, if q{j) G Qp — Qp'^ and ordpg(j) odd. 

We will also need the following notation. Let i? be a finite extension of Qp . 
Then we will denote by B{PGL2{E))~^ the simplicial complex which is the first 
bary centric subdivision of the building of PGL2{E) . Thus there are two kinds of 
vertices in B{PGL2{E))~^ : those that come from B{PGL2{E)) which lie on q + 1 
edges, where q is the cardinality of the residue field, and those that come from 
midpoints which lie on 2 edges. The first type will be called primary and the second 
type secondary. 



Lemma 9.4. (Kaiser): Case by case we have for the fixed point set B^ of a special 
endomorphism j : 

if j is split, then B^ consists of a single superspecial vertex, cf. (9.10). 
if j is unramified elliptic, the B^ is isomorphic to B(PGL2(Qp2))+ by an. iso- 
morphism which takes primary vertices to distinguished vertices (cf. (9.5)) and 
secondary vertices to superspecial vertices (cf. (9.10)). 
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if j is ramified elliptic, then is isomorphic to B{PGL2{Q,p{j)) , where Q.p{j) 
is the ramified extension generated by j . 

Here the isomorphisms are equivariant for the action of G'{Qp)j = GL2{Q.p{j)) ■ 
The Lemma follows from [6], Lemmas 5.2.2 and 5.2.3. together with Lemma 5.3.2., 
at least in the elliptic cases. The split case is analogous. Let us give our version of 
Kaiser's isomorphisms. 

Let j be split. Correcting j by an element of (which does not change the fixed 
point set) we may assume = 1 . The corresponding eigenspace decomposition of 
U has the form 

(9.15) U = Ui®U-i . 

Here Ui and U-i are both -vector spaces of dimension 1 which are orthogonal 
to each other for the symplectic form < , > , hence each of them is equipped with 
a symplectic form. A Op -lattice A in t/ is fixed by j iff 

(9.16) A = Ai©A_i , where Ai = A n f/i , A_i = AnC/_i . 

Since dim^^t^i = dim^/^tZ-i = 1 , we may enumerate the lattices on the right hand 
side of (9.16) by in such a way that passage to the dual lattice corresponds to 
multiplication by — 1 , 

(9.17) A I — )• A"^ <^=^ (n, m) I — > (-n, -m) . 
The identity A-*- = H^A for [A] e therefore implies that 

{—n,—m) = {n + r,m + r) , i.e. r = — 2n = — 2m . 

Hence the homothety class of A is uniquely determined and, since r is even, [A] 
is superspecial. 

Nea^ let j be unramified elliptic. Correcting j by an element of we may 
assume = A . We obtain the corresponding eigenspace decomposition, 

(9.18) U = Ui®U-i , 
where 

Ui = {x e U; j{x) = Sx} , U-i = {x eU; j{x) = -Sx} . 
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Each of these subspaces is a 2-dimensional vector space over the unramified qua- 
dratic extension E = Qp{j) , they are orthogonal to each other, and degll = 1 for 
this Z/2 -grading of U. The isomorphism 

(9.19) B{PGLe{Ui))+ ^ 
sends now 

\pN CM CN] to [TV ® n-^M] . 
Here the brackets on the left indicate the class for the equivalence relation for which 

pN CM CN r^pN' CM' CN' ^JaeE"" : (M', N') = {aM, aN) 

or (M', N') = (apN, aM) . 

Finally, let j be ramified elliptic. After correcting j by an element in we may 
assume that 

(9.20) f={l^ 
Put 

(9.21) ^={..i'4s • 

Here s e Qp2 is a fixed element with NmQ^^/q^{e) = — 1 . Then j induces a 
a -linear automorphism of the Qp2 -vector space U with p = 1 . We put 

(9.22) Ui^W , t/ = [/i®Q^Qp2 . 

Then Ui is a vector space of dimension 2 over E = Qp(j) and the isomorphism 

(9.23) B{PGLe{U^)) B^ 
sends 

[M] to [M®z^Zp2] . 

We next investigate the relative position of the fixed point sets of two special 
endomorphisms j,j' which are orthogonal to each other, i.e., jj' = —j'j- We 
distinguish the following mutually exclusive cases. 

First case: One of j,j' is split. Then B^'^' is a single superspecial vertex, cf. 
Lemma 9.4 above. 
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Second case: One of j,j' is unramified elliptic. Let us assume that j is un- 
ramified elliptic, and let us consider the corresponding eigenspace decomposition 
(9.18). With respect to this decomposition we have degn~^j' = and the induced 
endomorphism 

(9.24) n-V: Ur^Ux 

is T -linear, where r is the generator of Gal(£'/Qp) = Gal(Qp(j)/Qp) . Further- 
more we have a bijection between fixed point sets 

(9.25) {B{PGLe{Ui))+)^~'^' B^'^' . 

Indeed, if pN C M C N is a representative of a vertex of B{PGLe{Ui))~^ , then 
the corresponding vertex [A^©n~^M] of B is fixed under j' iff 

[n-i/(M) © j'{N)] =[iv © n-^M] ^ 

\p ■ n- V(M) C p ■ U-^j'{N) C n- V(M)] ^\pN CM CN] 

We also note that 

(9.26) (n-V)' = p-'9(/) • 

Hence we see that if j' is unramified elliptic, then fixes a unique secondary 

vertex of B{PGLe{Ui))~^ , hence B^'^ consists of a single superspecial vertex of 
B . If j' is ramified elliptic, then after correcting j' by an element in we may 
assume that j'^ is equal to p or to Ap , comp. (9.20). As in (9.21) we put 

(9.27) j'-^ iiP-P 



Then j' is a r -linear automorphism of Ui with j = 1 . We may thus write 

(9.28) Ui^Ui,i(^Q^E , [/i,i = f//' . 

Since the extension E of Qp is unramified we have bijections (unramified descent) 

(9.29) B{PGLq^{U,,,))+ {B{PGLE{U^))+y B^'^' . 

Hence in this case the common fixed point set of is isomorphic to B{PGL2{Qp))'^ 
Under this isomorphism primary vertices correspond to distinguished vertices and 
secondary vertices to superspecial vertices. 



80 



Third case: Both j,j' are ramified elliptic. After correcting j and j' by elements 
of Qp , we may assume ttiat q{j), q{j') G {p, Ap} . Let us define j as in (9.21) and 
put Ui — . Then Ui is a 2-dimensional vector space over E — Qp{j) . Define 
now 



(9.30) ~j' = 

Then 



i{q{j)=p 
e-U-^f iiq{j) = Ap 



(9.31) 3 -3= 3- 3 

Hence j' induces an automorphism of U\ which is r-hnear (< r >= Gal(£^/Qp)) 
and such that 

( -A-i if q{j) = q{j') = p 

(9.32) P=\ -] 'l^\^\=P^^^^') = ^P 

^ ^ I -1 if qij) = Ap, q{j ) =p 

I -A if q{j) = Ap, q{j') = Ap 

For fixed j , precisely one possible j' has the property that j ^ = ImodQ^'^ and 
for the other possibility for / we have j'^ ^ NmE/Qp{E^) . For j'^ e Qp'^ , we 
can correct j' by an element in , so as to obtain a r -linear automorphism j" 
of Ui with (J")2 = 1 . Hence 

(9.33) Ui = Ui,i^Q^E , Ui,i = U(" . 
In this case we obtain bijections 

(9.34) B{PGLq^{Ui,i))+ ^ B{PGLE{Ui)f B^'^' 

(note that we are dealing here with a ramified descent from E to Qp , which 
explains the barycentric subdivision). Under this identification primary vertices 
correspond to superspecial vertices and secondary vertices correspond to distin- 
guished vertices. Indeed, B^'^ is contained in the fixed point locus of E^ where 
El = Qp{jj') is the unramified quadratic field extension of Qp generated by jj' , 
hence the assertion follows from [6], Lemma 5.3.2. a). Since xiUj')^) = ~x(/^) = 
— 1 , the element jj' indeed generates a field extension. 

Now assume that j'^ ^ Qp , i.e. that (jj')'^ = e Q^'^ . Put jo = c'^Uj') . 
We consider the eigenspace decomposition corresponding to jo , 



(9.35) 
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This time, in contrast to (9.15), since Jq = —jo , both Ui and U-i are isotropic 
and ( , ) induces a perfect pairing between these one- dimensional B'^ -vector 
spaces. A Op -lattice A in t/ is fixed by jo iff 

(9.36) A = Ai ® A_i , with Ai = t/i n A and A_i = n A . 

Let M <Z Ui be a On' -lattice and let M-*- C U-i be the dual lattice. Then 

p 

(9.37) = {n^ • M} X {n^ • M^}/B^ 

= (Z®Z)/Z , 

with the diagonal action of Z . The action of j on is induced by 

(9.38) j : (m, n) ^ (n + i, m — i + 2) , 

since ordp(j^) = 1 . The integer i is independent of the choice of M . It follows 
that 

(9.39) B^'^' = B^°'^ = {(i - 1, 0)} e (Z ® Z)/Z . 

Furthermore, this vertex is superspecial if z — 1 is even and distinguished if i — 1 
is odd. Consider now the hermitian form on Ui , 

(9.40) {x,y}=ixJiy)) . 

Now any hermitian form on a one-dimensional Bp -vector space admits a selfdual 
Ob' -lattice. If M' = U''M is selfdual, then 

Ofi, = {M', M'} = {M',j{M')) = (n'^M, . M^) = n2fe-»+2 . o^, . 

It foUows that i is even and hence B^'^ consists in this case of a single distinguished 
vertex. 

Let us consider now a 4-tuple of special endomorphisms ji, . . . , j4 with q{ji) G Qp 
and which are pairwise orthogonal to each other. The following Lemma is the 
analogue of Lemma 8.12. 

Lemma 9.5. B* := B^^H. . .HB^'^ is a vertex. More precisely, B^ is a superspecial 
vertex if at least one ji is split or at least two ji are unramified elliptic and & 
is a distinguished vertex if at least three ji are ramified elliptic. 

Proof. The cases where at least one ji is split, or at least two ji are unramified 
elliptic have already been taken care of. In these cases the common fixed point is 
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a superspecial vertex. 

Let us now assume that Ji,j2,i3 are all ramified elliptic. We proceed as in the 
third case above, starting with j — ji and j' = j2 • Therefore we introduce j = ji 
as in (9.21) and Ui = W . We also introduce ]' = ^ as in (9.30). If j| ^ Qp 
then the common fixed point set of ji,j2 is a distinguished vertex which is then 
equal to . If j| G Qp we rescale j2 to obtain ^^i^^ (^'2)^ = 1 5 and write 
Ui = Ui^i E , for = Ul' and E = Qp{ji) . Finally we introduce J3 as in 
(9.30). Then J3 commutes with ji and anticommutes with j!^ ■ Now ji acts on 
Ui ; we set = ji(C^i,i) . Then we obtain a Z/2 -grading of Ui , 

(9.41) ?7i = e . 

Then ist the (— 1) -eigenspace of the Qp -linear endomorphism of C/i . 

Since J3 anticommutes with j2 , it has degree one with respect to this grading. The 
primary vertices of B{PGLq^{Ui^i)) — B^^'^'^ are represented by lattices M C Ui^i 
and such a lattice is represented by the lattice 

(9.42) M e ji (M) = M Oe 
in ?7i . Now 

h{M e ji{M)) = jsjiiM) ®j3{M) = jijsiM) ® jiijijsiM)) . 

Hence since jijz acts on Ui^i with ordp((jij3)^) = 1 , we see that B^^'^'^'^^ = 
{B{PGLQ^{Ui^i))~^y^'^^ consists of a single secondary vertex. By the third case 
above, this corresponds to a distinguished vertex of B . □ 



Remark 9.6. We thus sec that in most cases it is sufficient to intersect the fixed 
point loci of 3 special endomorphisms to get down to a vertex. The only case when 
4 are needed is if one of them is unramified elliptic and the others are ramified 
elliptic. Let us discuss the case when ji is unramified elliptic and J2 7^35^4 are 
ramified elliptic. We introduce the 6 -eigenspace Ui for ji which is a 2-dimensional 
vector space over E — Qp(ii) . The special endomorphism j2 induces the r -linear 
endomorphism of C/i 



(9.43) J2 



n ^2 if g(j2) = p 

85-^11-^32 ifQ(i2)=Ap 



Of course, here we again scaled j2 by an element in . As in (9.28) we have 
U\ = (8)Qp E with Ui^i = C/f . As in (9.30) above we put for i = 3, 4 



(9.44) 



iiq{j2)=P 
e ■ n-iji if q{j2) = Ap 
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Then J3 and J4 are endomorphisms of the 2-dimensional Qp -vector space Ui^i 
which anticommute and whose squares are scalar matrices of even valuation. Fur- 
thermore, we have 

r -A- VgU) 

(9.45) jf^l =-A-Q(i2)-Q(ii)modQp^'2 . 

Hence ji is unramified elliptic if x(— 9(^2)9(^1)) — 1 and is split if x{~l{32)(l{ji)) = 
— 1 . Two possibilities occur: cither one of J3 , J4 is unramified elliptic in which 
case this involution of B{PGL2{Qp)) = B{PGLq^{Ui^i)) has a primary vertex as 
its fixed point set, or both J3 , J4 are split and have apartments as their fixed point 
sets which intersect in a primary vertex. In either case the common fixed point set 
is a primary vertex which by the second case preceding Lemma 9.5. is mapped to 
a distinguished vertex of B . 

Remark 9.7: Note that very subtle relations hold between T and T(j)o . For 
instance we see that if £1 = 1 and ai = , then T(j)o is empty as it is contained 
in the ball of radius around a superspecial vertex. Of course, we already knew 
this from [12] via Corollary 9.3 above, since if T represents 1, then X{j) = (only 
isolated points in the special cycle Z{T,u))) . A more surprising conclusion is that 
the following combination is excluded: 
x(£i) = 1 , ai even 
X(£2) = -1 , 0-2 even 
03 and a4 odd and x(— £364) = 1 . 

Indeed, the fixed point set of ji would be a superspecial vertex and the common 
fixed point set of j2, Js, J4 would be a distinguished vertex, a contradiction to the 
fact that B-' is non-empty. It seems, however, that all these cases can already be 
excluded on the basis of the following remark. If T e Sym4(Qp) with det(T) ^ 
is represented by Vp then 

-1 = e{V;) = e{T) ■ (det(T), -dei{V;))p = e{T) ■ (det(T), -1)^ , 

([11], (1.16)) where e{Vp) resp. e{T) denotes the Hasse invariant of resp. T. 
This remark is to be compared with Remark 2.10 in [13] (in this case, too, the 
exclusion principle by types of vertices is implied by the exclusion principle by the 
represent ability of T by the relevant quadratic form). 

Proposition 9.8. Let T e Sym4(Z(p))>o GL4(Zp) - equivalent to 
T ~ diag(£ip'^i , £2P''' , £3P''' , e^p""^ ) , < ai < . . . < 04 . 
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Then each connected component of the supersingular locus in the image of Z{T, ui) 
is irreducible of dimension one, or equivalently |T(j)o| = 1 for any ^ E with 
q{}) = T , if and only if the following conditions hold: 

a) Assume that ai is even. Then 

(i) ai = and x{^i) = ~1 

(ii) a2,a3,a4 are all odd 

(iii) if x(— £2^3) = 1 then as = 1 and if x(— £2^3) = —1 then — 1 . 

b) Assume that ai is odd. Then 

(i) ai = 1 

(ii) if x(~^iS^2) = 1 then 02 = 1 and if x{.~£ii^2) = —1 then 03 = 1 . 

Proof, a) Let y be the common fixed vertex of ji, ■ ■ ■ ,j4 ■ If oi > 2 , then 
the ball with radius 2 around y is contained in T(j) . Since this ball contains 
more than one distinguished vertex we see that if |T(j)o| = 1 , we must have 
ai < 1 . If ai = and x(^i) = 1 , then TQ) = . Hence if |T(j)o| = 1 , then 
condition (i) holds. Also (ii) holds. Indeed, otherwise by our previous results y 
would be a superspecial vertex which corresponds to the midpoint of an edge in 
B^^ ~ B(PGL2(Qp2))+ . The two primary vertices xi,X2 of this edge have distance 
1 to y . Let T(j)o = {x} . Since ai = , we have x e B^^ and d{xi,B^^) = 
d{x2,B^^) < d{x,B^^) for any i >2 and hence {xi,X2} C T(j)o , a contradiction. 
Hence (ii) holds and y is a distinguished vertex, and B^^'^^ ~ B{PGL2{Qp))'^ . 
Furthermore, the fixed point set of js in B^^'^"^ is either {y} or an apartment in 
B{PGL2{Qp))'^ depending on whether x(— ^2^3) = 1 or x(— ^2^3) = —1 , cf. third 
case before Lemma 9.5 (comp. Remark 9.6 above). In the first case as < 1 because 
otherwise all distinguished vertices of distance 2 from y in B{PGL2{Qp))'^ would 
be contained in T(j)o . In the second case, the fixed point set of in B^^'^^ is an 
apartment in B{PGL2{Qp))'^ which intersects the previous apartment in y and 
hence a4 < 1 . We have therefore shown that |T(j)o| = 1 implies all conditions (i) 

- (iii)- 

Conversely, if conditions (i) - (iii) hold, then is a distinguished vertex y and 
y e ^(j)o • Let X e T{j)o ■ Since ai = , we have x e B^^ . For any z > 2 , 
looking back at the second case before Lemma 9.5, the closest point to x in B^^ 
cannot be a midpoint of an edge in B^^ = B(PGL2(Qp2))+ , hence either x e B^^'^^ 
or d{x,B^^) > 2. The first possibility cannot hold for all i if x ^ y. But for i 
where the second possibility holds, this implies > 2 . The condition (iii) implies 
that we are in the first case of (iii) and z = 4 . But then x e B-'i'^^.is = 

b) Let again y be the common fixed vertex of ji , . . . , J4 . As before the case 
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oi > 3 is excluded since otherwise the ball with radius 3 would be contained in 
T(j) and hence T(j)o would have more than one element. For the same reason 
y has to be distinguished and T(j)o — {y} ■ Consider B^^ ~ B{PGL2{Qp{ji)) ■ 
Considering the number of neighbours of a vertex contained in B^^ in B resp. 
B^'^ we see that all neighbours of a superspecial vertex in B^^ have to lie in B^'^ . 
Hence T(ji)o = Bl^ (set of distinguished vertices in B^^ ). Since T(j)o = {y} , 
it follows that a2 = 1 , since otherwise the distinguished vertices in the ball with 
radius 2 around y would be contained in T(j)o . It follows now by our previous 
results that if x(-£i£2) = 1 then B^^^^^ = {y} and if x{-^i^2) = 1 then B^^^^^ ^ 
B{PGL2{Qp))^ where primary vertices correspond to superspecial vertices in B 
and secondary vertices correspond to distinguished vertices in B . In the first case 
^(ii)o n '^{32)0 — Bq^'-''^ = {y} and we are in the case of the first clause of (ii). In 
the second case it follows that 03 = 1 because otherwise the secondary vertices in 
the ball of radius 2 around y in B{PGL2{Qp))^ would all be contained in T(j)o . 
In this case T(ji)o fl T(j2)o H ^(i3)o = B^^"-'^'-'^ — {y} . This proves the necessity 
of conditions (i) and (ii), and the sufficiency is proved in a similar way. □ 

Remark: The cases enumerated in Proposition 9.8 should be considered first when 
investigating cases of excess intersection of special cycles. 

We finally remark that, as in Theorem 8.15, there is a close relation between |T(j)o| 
and the representation density of T hy Vp . Also the number of irreducible com- 
ponents of the image of Z{T,lo) in M.^^ may be expressed as a product of two 
orbital integrals, one prime to p, the other p-adic. As in Proposition 8.16, the 
global significance of such an expression is unclear. 

§10. Special cycles on the special fibre. 

So far most of our detailed results concerned the intersection of the supersingular 
locus in the special fibre with (the image of) a special cycle Z{T,uj) . In this section 
we will take a more global view and also consider the intersection of Z{T,lo) with 
the ordinary locus. 

We will use the following notations. By M.°'^'^ resp. Z{T,(jj)°^^ we denote the 
open complement of the supersingular locus. Also let 

(10.1) = -M X Spec Z(,) Spec Fp , Z(T,a;) = Z(T,cj) XspecZ(,) SpecF^ 

and Ai°^'^ , Z{T,oj)°'^'^ denote the special fibres. 
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Let (A, A, i,?f) G M°"^{¥) . The action of = ^4(Zp2) on the p -divisible 

group A{p) gives a decomposition Ao{p) = , where ^ is a p -divisible group 
of dimension 2 and height 4, comp. section 4. Let M be the Dieudonne module of 
A . It comes equipped with the action of Zp2 , 

(10.2) 60 : V ^ End(M) . 

We consider the decomposition of M into its etale and its infinitesimal component, 

(10.3) M = M°©M^ . 
Each summand is Zp2 -stable and in fact 

(10.4) ^{Zp2®W,id®(7w) , ^ (Zp2 W,p-id(8)(7vK) • 

The alternating form < , > induced by the polarization identifies with the 
Serre-dual of M° . 

Now let j be a special endomorphism of {A, A, i^rf) . It induces an endomorphism 
of M of the form 

(10.5) j=f®j' , 
where is the dual to j° and where 

(10.6) / : M° ^ M° 

is linear for the W -action but antilinear for the Zp2 -action. Denoting as usual by 
a the non-trivial automorphism of Zp2 , and using the identification (10.4) we may 
write 

(10.7) f = aa , ae Zp2 , 
and then 

(10.8) Q(j) = Nm(a) . 
We may therefore state the following fact. 
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Lemma 10.1. Let T e Sym^(Z(p))>o with Z(T,w)°=^^ ^ . Then n<2 and T 
is represented by the norm form on Zp2 . In particular, the p -adic ordinal of each 
diagonal entry of T is even. □ 

We next use the theory of Serre-Tate canonical coordinates to investigate the in- 
finitesimal deformation of Z{T,uj)°^^ at (A,A, i,?f). The p -divisible group A is 
an extension 

(10.9) O^L^G^^A^L'(^Qp/Zp^O 

where L and L' are free Zp2 -modules of rank one. The polarization allows us 
to identify L' with the Zp -dual of L . By Serre-Tate theory we may identify the 
formal deformation space of A with 

(10.10) B.om{L' , L) ® Gm ■ 

Inside this formal torus of relative dimension 4 the locus where the action lq and 
the polarization lifts is given by the formal subtorus of relative dimension 2 (we 
identify L' with the dual of L ) , 

(10.11) r=Sym|jL)(8)G^ . 

p 

Fix a generator e of the Zp2 -module L . Then e e is a generator of the Zp2 - 
module Sym| (L) and to any multiple B{e §>> e) G Sym| (L) ® Gm corresponds 
the symmetric bilinear form on L with values in Gm , 

(10.12) cpB{x,y) = tiz^,/z^{xBy) . 

The condition that an endomorphism j of the special fibre A extends to the 
deformation corresponding to : L' ^ L ® Gm (cf. (10.10)) is 

(10.13) io(^ = (^oj , 

where j denotes the induced maps on L resp. L' . For a deformation lying in T 
and corresponding to B{e<Si e) this translates into 

(10.14) ^Bijizi),Z2) = ipBiziJ*{z2)), Zi,Z2eL . 

Let us now consider a special endomorphism j of (A, A, t, ?f ) . Then j induces 
an endomorphism of L which sends 

(10.15) xei — yA-x'^e , 
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for some well-defined scalar A e Zp2 . Then since j* = j , the locus in T where j 
deforms is given by the condition 

(pB{Ax'',y) = (fiB{x,Ay'') , i.e. 

(10.16) [ABy = AB , i.e. AB e Gm ■ 
Let us write 

B = a + bS , A = a + pS with a, 6 e Gm , a, P & Zp . 
Then the identity (10.16) is equivalent to 

(10.17) aP + ba = . 

Let us choose multiplicative coordinates on the formal torus T dual to the entries 
a and b of B . Then, by (10.17) the locus inside T to which j deforms is given 
by the equation 

(10.18) q^=q-^ , 

which we wish to consider locally around the base point Qa = qb = ^ ■ 

Proposition 10.2. Let t e with ordp(t) = 0. Then Z{t,u!)°^^ is a smooth 
relative curve over SpecZ(p) . 

Proof. It suffices to check this locally around a point {A, A, i^rf) E Z{t,uj)°'^'^{¥) . 
Let us introduce local coordinates and around the origin of T , 

(10.19) qa = l + Ta , qb = l + n ■ 

Then the leading term in the deformation equation (10.18) of j with Q{j) = t is 

(10.20) aTb + PTa^O . 
On the other hand, 

(10.21) g(j) = NmA = - A/32 . 

Hence the hypothesis implies that (10.20) defines a non-trivial linear equation in 
the tangent space of T and the claim follows. □ 
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Corollary 10.3. Let t G Z(-p) with ordpt = 2s > . Then Z(t, is a relative 

divisor over SpecZ(p) of the form p'^^ ■ Z{to,u>)°^'^ where Z{to,u;)°'^'^ is a smooth 
relative divisor over SpecZ^p^ . 

Proof. Let {a, (3) G be the vector corresponding to the special endomorphism 
j with Q{j) — t . By assumption t = p'^^to with ordpto = and hence 

(10.22) {a, (3) ^ p' ■ {ao, (3o) , (ao,/3o)eZj . 

By the previous Proposition, the locus inside T corresponding to (q!o,/5o) is a 
formal subtorus of relative dimension 1 of T . The locus inside T corresponding 
to (a, P) is given by (10.18), i.e. is the inverse image of the locus corresponding to 
{ao,Po) under the isogeny of degree p^^ given by multiplication by p^ , 

(10.23) p' :T — >T . 
The result follows. □ 

We next consider the intersection of special divisors. By Corollary 3.8 we know 
that for n > 3 Z{T,uj)°''^ = and that for n = 2 the cycle Z{T,uj)°"^ consists 
of finitely many points which are all in one and the same isogeny class of type Ii . 
Let T e Sym2(Z(p))>o be GL2(Zp) -equivalent to 

(10.24) T' = diag (£1^2-1, £2J3^"2) • 

Let ji,j2 be special endomorphisms of (A, A, t, rf) e M°'^'^(¥) with Q{ji,j2) = 
T' . As before, we associate to ji and j2 scalars in Zp2 , 

(10.25) Ai = ai+PiS , A2 = a2 + P2S . 
The condition jij2 = — J2J1 translates into 

(10.26) AiA^ = -A2AI ^ aia2 - AP1P2 = . 

Let us first assume that si = S2 = . Then the local equations for Z{T,(jj) in T 
in terms of the multiplicative coordinates qa,qb resp. the local coordinates T(j,T5 
at the base point are given by 



(10.27) 



aiTa + /3iTb = , a2Ta + P2Tb = 
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The determinant of this system of hnear equations is equal to q;i/?2 — ck2/5i • This 
is a unit because otherwise A1A2 would be divisible by p which is excluded by 
our hypothesis. It follows that the determinant is a unit, hence the loci inside T 
where ji resp. j2 deform intersect transversally. 

Combined with Corollary 10.3 this gives the following statement. Here we content 
ourselves with a statement concerning the special fibre. 

Proposition 10.4. Let T G Sym2(Z(p-))>o . Then Z{T,u!)°^'^ is an artinian 
scheme of length pordp(detT) g^^^ points. □ 

Corollary 10.5. Assume that ^ G Z{ti,uji) x-^^ 2(^2, 1^2) (IF) is an isolated or- 
dinary point. Then the intersection multiplicity of the divisors Z{ti,u>i)°^'^ and 
Z{t2,u>2)°^'^ at ^ is equal to 

where G Sym2(Z(p))>o is the fundamental matrix of ^, comp. end of section 
6. □ 

Remark. Let t G Z(p) with oidpt even and > . Combining Theorem 6.1 with 
Corollary 10.3 we see that, outside of the supersingular locus, the corresponding 
cycle Z{t,uS) has a p -power multiplicity and furthermore Z{t.,uS) contains some 
projective lines inside the supersingular locus. If oidpt = , then, outside the 
supersingular locus, Z{t, u) is a smooth divisor and Z{t, u) cuts the supersingular 
locus in finitely many superspecial points. 

We conclude this section with one remark of a global nature. 

Proposition 10.6. Let T G Sym^(Z('p))>o ■ The special cycle Z{T,uj) is proper 
over SpecZ(p) , unless 

a) S = M2(/c) 

b) n = 1 

c) T = t G Nm /c"" . 

Proof. If S is a division algebra, then A4 is proper over Spec Z(p) and hence so 
is Z{T,uj) which maps by a finite morphism to Ai . Hence we may assume a) and 
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hence 

(10.28) C(F)®fc~M4(fc) . 

Therefore, if {A, A, i, ff) is a point of M. the abehan variety A is up to isogeny 
a product Aq where is an abehan variety of dimension 2 equipped with an 
action 

(10.29) io : fc-^End°(Ao) . 

Furthermore the polarization A defines a fc-hnear polarization Aq on Aq . A 
special endomorphism j of {A, A, t, rf) induces an endomorphism Jq : Aq ^ Aq 
up to isogeny with 

(10.30) Jq = jo and jo o Lo{a) = io{a'') o jo , aE k . 

We now wish to check the valuative criterion of properness. Thus we assume that 
the point {A, A, i, rf ) of M. is over the generic point of a complete discrete valua- 
tion ring with algebraically closed residue field. We also assume that A and hence 
^0 has semi-stable bad, i.e., multiplicative reduction. We wish to show that b) and 
c) hold. We may write the associated rigid-analytic abelian variety as a quotient 
[17] 

(10.31) A'^'' = L®G'^/i{L') . 

The polarization Aq identifies L' ® Q with the dual of L ® Q and the embedding 
i : L' ^ L ® defines a pairing 

L' X L* ^ G^J^ ^ Z 

which, combined with the previous identification, defines a symmetric bilinear form 

(10.32) (, ) : L(g)QxL(g)Q — 
which is positive- definite and satisfies 

{io{a)x,y) = {x,io{a)y) , aefc . 
After choosing a generator of L (8) Q the form (10.32) is therefore of the form 



(10.33) 



{x,y) = tT{bxy) 
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for a totally positive element b of k . 

A special endomorphism j defines an endomorphism of L which sends x to a-x'^ 
for a fixed scalar a E k and which satisfies 

(10.34) (aby = ab , 

comp. (10.14). But equation (10.34) determines a up to a scalar in Q , hence there 
cannot be a non-trivial special endomorphism of {A, X, i,Tf) anticommuting with 
j . Hence b) is proved and c) follows from the identity 

Q{j) = Nm(a) . □ 

The results given in this section can be regarded as first steps towards preparing the 
stage for a theory of Hilbert-Blumenthal surfaces in characteristic p , analogous to 
the classical theory of Hirzebruch and Zagier, e.g. [5] , [2] . Namely, one might ask 
whether the intersection numbers of the special cycles Z{t, u>) (for t G Z(p)>o ) 
related to the Fourier coefficients of some sort of modular form. For this a better 
understanding of the singularities of Z{t,Lv) at supersingular points seems to be 
necessary. Similarly, one might investigate whether the special curves Z{t, uj) can 
be used to determine the position of (suitably compact ified if S ~ M2(fc)) 
in the classification of algebraic surfaces. For this it would seem necessary to 
better understand the irreducible components of special curves. One contrast to 
the situation in characteristic zero is that on Ai it is easy to find effective ample 
divisors (to be on the safe side, assume B to be a division algebra). Indeed the 
supersingular locus A^*^ splits into a sum of two divisors (sum of the even resp. odd 
projective lines P]^ ) which are exchanged by the Frobenius in Gal(Fp2/Fp) and 
each of which is ample. Indeed they span a 2-dimensional submodule of the £-adic 
cohomology of Ai XspecFp SpecF which is stable under the actions of the Galois 
group and of the Hecke algebra prime to p ; by [4] this submodule must therefore lie 
in the subspace cut out by a one-dimensional automorphic representation of G{A) 
and all effective divisor classes in such a subspace are ample. 

§11. The case of a split prime. 

In this section we briefly sketch the case when p is split in k , and we assume, as 
in section 2, that B is split at each prime p of fc dividing p . Note that the case 
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= Q © Q is allowed. For p split in fc, Oc ® ~ M4(Zp) as before, but now 
Ofc O Zp ~ Zp © Zp . 

Fix a point ^ = {A,X,i,rf) G A^(F) . Let A{p) be the p -divisible group of A. 
The action of Oc®^p — M4(Zp) on A{p) allows us to write as before A{p) = . 
On the p -divisible group A there is an action of Cj[g©Zp ~ Zp ©Zp which allows 
us to write further 

(11.1) A = AixA2 , 

where Ai and A2 are p -divisible groups of dimension 1 and height 2. The prin- 
cipal quasi-polarization of A induced by A comes from a pair of principal quasi- 
polarizations Ai and A2 of Ai and A2 ■ By the Serre-Tate theorem, deforming ^ 
is equivalent to deforming (^i,Ai) and (^2,A2). Since A^ deforms automatically 
with Ai , the deformation space of {Ai, Xi) is the same as that of Ai , i.e. of a 
suitable point on the moduli space of elliptic curves. In particular, we deduce the 
following result. 

Proposition 11.1. The supersingular locus AI** consists of a finite number of 
isolated points. □ 

We next give an estimate on the space of special endomorphisms of ^ = 
{A, A, i, rf) . We have an inclusion 

(11.2) V^G{j:A^ A, degj = 1, f = j} . 

Here degj refers to the Z/2 -grading of A = Ai x A2 ■ Therefore j corresponds 
to a pair of homomorphisms of p -divisible groups 

(11.3) ji :Ai^A2 , 32 ■A2^Ai . 

Using the polarizations Ai and A2 , the condition j* = j is equivalent to 

(11-4) h=3l , 31=3*2 ■ 

The quadratic form is given by the degree of ji (or 32 ), 

(11-5) Q(i)-id^, =ii*ji . 

Decomposing Ai and A2 up to isogeny into simple p -divisible groups we now 
obtain the following statement. 
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Proposition 11.2. We have case by case for the rank of the -module of 

special endomorphisms of ^ = (A, A, l, If ) . 

(i) // Ai and A2 are both super singular, then rk = 4 . 

(ii) // Ai and A2 are both ordinary, then rk < 2 . 

(iii) If one of Ai,A2 is supersingular and the other ordinary, then = (0) . □ 

We now fix T G Sym3(Z(p))>o and uj C V{K^^Y consider the special cycle 
Z{T, uj) . By the previous propositions we know that Z{T, u) is a finite set of points 
lying over the supersingular set M.^^ . Again invoking the Serre-Tate theorem we 
have an identification for ^ = (A, A, ,j) € Z{T,u)) 

(11.6) Z(r,u;)^ = Def(A,^2;ji)=Def(^i,^2;Mi) . 

Here ji is the triple consisting of the "first component" ji : Ai ^ A2 of the three 
members j of j and Mi is the Zp -module spanned by them. The length of the 
Artinian scheme on the RHS of (11-6) was determined by Gross and Keating [3] 
and we therefore obtain the following analogue of Proposition 6.2. 

Proposition 11.3. The length of the local ring Oz{t,u),s, only depends on the 
GL^iXp) -equivalence class of T and is equal to CpiT) , given in Proposition 6.2 
above. □ 

As in section 7 we introduce in the setting of (6.19)-(6.23) 

(11.7) (Z(Ti,a;i),---,^(rr,a.r))r^^'^ = E^(^) • 

Here ^ runs over the isolated points of Z{Ti,(jJi) x_a4 ... Xj^ Z{Tr,(jUr) which 
by Propositions 11.1 and 11.2 are the points ^ where the fundamental matrix 
e Sym3(Q) is non-singular. In the special case when r = 1 , the cycle Z{T,(jj) 
lies over the supersingular locus and is finite (without any further condition on the 
divisibility by p of T). In this case we put {Z{T,uj))p = {Z{T,uj))p'°p''' , i.e. 

(11.8) {2{T,u;))p= Yl <0 ■ 
Appealing to Proposition 11.3 we have that (11.8) equals 



(11.9) 



{Z{T,uj))p = ep{T)-\Z{T,io){¥)\ 
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As in the inert case we introduce the twisted quadratic space V over Q which 
is positive-definite, is isomorphic to V at all finite places 7^ p and at p has the 
same determinant as V{Qp) but opposite Hasse invariant. The quaternion algebra 
B' — C~^{V') over k is ramified at the two infinite places, is isomorphic to B at 
all finite places not over p and is ramified at the two places pi and p2 over p . 
Let G' be the corresponding inner form of G . Then we have a bijection 

(11.10) W{¥) = G'iQ) \ (^G'{Qp)/K'^ X ^(A^)/^^ 

Here Kp is the unique maximal compact subgroup of G'{Qp) — B'^^ x B'^^ . 

After identifying V'{Qp) with the ramified quaternion algebra Bp over Qp equipped 
with its norm form, we have a natural lattice V'CZp) in V'{Qp) , namely the ring 
of integers in Bp . The usual procedure now yields the following expression for the 
cardinality of Z{T,(jj){¥) , comp. Proposition 7.1. 

Proposition 11.4. Let K' = K'p-KP G G'{Af) . Let 

(p^f = char(a;) , (p'p = char(F'(Zp)^) 

and 

v'f = v'p-<p'fe S{V'{Af)Y' ■ 

Then 

\Z{T,u){¥)\ = vol(i^')"' ■ vol(Z'(Q) \ Z\Af)) ■ Ori^'f) , 
where the orbital integral on the right is defined as in Proposition 7.1. 

The relationship to the Eisenstein series is now established just as in section 7 
above. We define $p and as in (7.11) and complete ^p into an incoherent 
standard section as before. Then we obtain formula (7.13) for the present case. 
The next proposition gives the values and derivatives of the relevant Whittaker 
functions at s = . 

Proposition 11.5. Let T e Sym3(Qp) with det(T) 7^ . 

(i) If WtA^, 0, $;) ^ , then T e Sym3(Zp) . 

(a) If T & Sym3(Zp) is represented by V'{Qp) , then 

Wt,p{^,0, $p) = 7(V^;) • 2p-\p+lf. 




96 



(in) If T E Sym3(Zp) is represented by V'{Qp) , then 

<,p(e, 0, %) = ^{Vp) ■ \og{p) ■ (1 - p-^f ■ ep{T). 

Proof. We again use the relation (7.15) between the Whittaker functional and the 
representation densities and obtain the analogue of (7.17) 

W^f^(e,0,$p) = -log(p) .7(y^)^|As,T(^)} 

Here S is the matrix for the quadratic form on V{Qp) , i.e., 

5 = diag(l,-l,l,-l) = iy4, 

a hyperbolic form of dimension 4 . By the same argument which yields Corol- 
lary 10.6 of [12], we obtain 



d 

dX 



As,t{X) 



= -{1 - p-'f ■ CpiT) 

x=i 



where the factor (1 — p~^) in Corollary 10.6 of [12] has been changed to (1 —p~'^) 
since the reduction formula (10.11) of [12] and hence the factor (l+p"^) of (10.14) 
there does not arise in our present situation. This proves (iii). 

Finally, (ii) follows from Proposition 6.10 of [3], cf. also Lemma 7.10 of [12], where 
we note that 

S'^di8.g{l,-(3,-p,p(3) 
has determinant p^ , and that 

W-T,p(e,0,$;) =7(V;') ■\det{S')f/^-ap{S',T). 

□ 

Using these values in (7.13) we obtain the analogue of Theorem 7.3 in the case of 
a split prime. 



Theorem 11.5. Let T e Sym3(Q)>o be represented by F(Aj) , but not by V{Qp) . 

Also assume that uj is locally centrally symmetric. 

(i) If T ^ Sym3(Z(p)) , then Z{T,oj) is empty and E^{h,0,^) = . 
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(ii) For any such T G Sym3(Z(p-))>o , the cycle Z{T,uj) is either empty or zero 
dimensional and 

E'rr{h,0,^) = -^Yol{SO{V'){R)-i^r{K)) ■ W}{h) -logip) ■ {Z{T,u))p. 



Proof. Using Proposition 11.4 and (7.13), we have 

E!j,{h, 0, = vol(50(F') W • Pr(^')) • W}{h) 

X ( - ^ log(p) • {p - If ■ e,(T) ■ |Z(T,a;)(F)|) 

= -Uo\{SO(y'){R) ■ pr(K)) • W^{h) ■ {Z{T,u;))p, 



where we have used the fact that 

vol(K') 
voUK) 

□ 
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§12. A global model and generating series. 

In this section we formulate a moduh problem which is represented by a scheme over 
SpecZ[-^] for some specified integer N and whose base change to Spec Z(p) , for 
any p] N , coincides with the moduli space introduced in section 2. We similarly 
extend the special cycles. We then use the results of sections 7 and 11 to give 
a partial identification of the generating series for the arithmetic degrees of these 
special cycles. 

As in section 1, we start with the quadratic space {V,Q) over Q of signature 
(2,2) and the element t E B = C+{V) with r = -r' and < . On the left 
C{V) -module U = C{V) , we have the nondegenerate alternating form 

(12.1) <x,y>^ tr^{y'Tx). 

We also have the open compact subgroup K of G{Af) which, as always, is assumed 
to be sufficiently small, i.e., the image pr(ii') C SO{V){Af) is neat. 

Fix a Z -lattice A in V{Q) . Let Oc = C(A) be its Clifford algebra and let 
Uz = Oc be the corresponding lattice in U{Q) . There exists an integer such 
that for any prime p with p \ N all of the following conditions are satisfied. 

(i) p^2. 
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(ii) A ® is a self dual Zp -lattice in V{Qp) . 

(iii) T G {Oc ® Zp)^ and the form < , > is perfect on the lattice U{Zp) = 
Uz ^ l^p ■ In particular, Oc ® Zp is invariant under the involution x i— > 

X* = TX''T~^ . 

(iv) K = KpRP with C G{^) and 

Kp = GSpin(V)(Qp) n (Cc ® Zp)x. 

We now fix such an integer and formulate a moduli problem over SpecZ ■ 
To do so, we introduce the category of abelian varieties up to N -primary isogeny. 
As in the case of the cateory of abelian varieties up to isogeny prime to p (as used 
in section 2), this category is obtained from that of abelian varieties by formally 
inverting all isogenics whose degrees involve only prime factors of N . The moduli 
problem associates to 5 G Sch/Z [-^^j the set of isomorphism classes of 4 -tuples 
(A, A, f]isr) where 

(i) A is an abelian scheme over 5" up to -primary isogeny. 

r 1 "1 X 

(ii) X : A ^ A is a Z [-^J -class of principal polarizations on A . 

(iii) L-.Oc^Ok — > End{A) ® Z [^] is a homomorphism such that 

t(c ® a)* = l{c* ® a), 

for the Rosati involution of End°(A) determined by A and the involution 

* of C{V) . 

(iv) f]N is a Kn -equivalence class of Oc ® Ofc -linear isomorphisms 

rjN : Vn{A) U{An) 

which preserves the symplectic forms up to a scalar in . 

Here we have used the notation Ajv = ripiArQp Vn{A) — Y[p\N^pi^) 

have written K as 

K^Kn-YIKp, 

p\N 

cf. (iv) in the conditions on N above. As before we impose the determinant 
condition (1.1). 

Theorem 12.1. The moduli problem defined above is representable by a quasi- 
projective scheme M. over Z whose base change to SpecZ(p) is the moduli 
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scheme introduced in section 2 for any p \ N . In particular, its generic fiber is the 
moduli scheme M introduced in section 1. 

We shall content ourselves with showing how to establish a bijection 7Vf(SpecA:) ~ 
M(Spec/c) for an algebraically closed field k of characteristic 0. Let (A, A, i, f/) e 
M{k) and fix e ?7 . We obtain a Z -lattice in V{A) defined by 

(12.2) Tr,{A):=r\U{Z)), 

where C/(Z) = t/^ ® Z . Then, by our choice of , for any p \ N , the lattice 
Tr^{A) (g) Zp in Vp{A) is the unique Oc ® (9^ -stable lattice which is self-dual 
for the form < , >rj = r]*{< , >) induced by 77 . In particular, for all p \ N , 
Trj{A) (8)Zp is independent of the choice of rj . Let B be the abelian variety in the 
isogeny class of A with 

(12.3) f{B) = T^{A). 

Then B is equipped with an action of Oc ® C^fc cind, by the above, it is unique 
up to A?" -primary isogeny. Furthermore, there exists a polarization Aq G A and 
a trivialization of the roots of unity of k such that, for the pairing < , >Xo on 
V{A) thus determined, 

(12.4) < , >;^^ = < , >^ . 

Then Aq defines a polarization of B which is principal in the category of abelian 
varieties varieties up to A?" -primary isogeny. Finally, fjN is obtained by simply 
ignoring the components of fj prime to N . Then (S, Ao,i, ^iv) £ M.{k) and this 
procedure defines the map M{k) M.{k) . The map in the opposite direction is 
constructed in a similar way. 

We next turn to special cycles. The definition of special endomorphism. Defini- 
tion 1.2, carries over in the obvious way to (^, A, i,^jv) £ A4{S) . If 5 is con- 
nected, the special endomorphisms form a quadratic space over Z [jj] . For the 
remainder of this section, we fix a compact open subset ujn C V{An)^ , stable un- 
der the action of Kn ■ For any T e Sym3(Z [-^] )>o , we define Z{T) = Z{T, ojn) 
as the scheme representing the functor of 5 -tuples (^, A, i, t/at; j) , where ^ = 
(A, A, i,f7jv) e M.{S) , and j = (ji, ^2,^3) is a triple of special endomorphisms with 
(5(j) = T and where 77 o j o r]~^ e cjn for one, and hence for all, r] E f]N ■ We note 
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that the generic fiber of Z{T,ljn) is the special cycle associated in section 1 to T 
and 

(12.5) a; = a;jv X JJ^ cjp, 

where oOp = (A Zp)^ . Similarly, the base change of Z{T,u>n) to SpecZ^p^ for 
p \ N is the special cycle associated in section 2 to T and 

(12.6) uP = unxY[ Ui, 

where a;^ = (A Z^)^ . 

We next introduce the Eisenstcin series associated to ujn ■ Let ipf G S{V{Af)^) 
be the characteristic function of the set uj defined in (12.5) and let be the 
standard section of the induced representation with $/(0) = A/ ((/?/) , where A/ : 
S{V{Af)^) /j(0,x). We again complete into an incoherent section $ = 
$oo • with = ^ usual and we form the corresponding Eisenstein series 

For T = tt + e ^3 , the Siegel half space of genus 3 , we let 

(12.7) K=(J t^-i^eSpem 

where a G GLs{M.) with det(a) > and v = a}a. Note that /It(^) = t G i^a . 
Then 

(12.8) (/)(t) := det(t;)-^ •£;'(/i^,0,$) 

is a (non-holomorphic) Siegel modular form of weight 2 with respect to the arith- 
metic subgroup Th = 'S'pelQ) H Kh where Kh C Spe{Af) is an open compact 
subgroup fixing $j in the induced representation. 

It will be convenient to introduce the following definition. 

Definition 12.2. An element T G Sym3(Z [^])>o is regular if (i) Difr(T) = {p} , 
i.e., if T is represented by V{Qi) for all primes £ ^ p but is not represented by 
F(Qp) , (n) p] N , and (in) if p is inert in k , then p f T . 
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If T is regular with associated prime p , we can introduce the degree 

(12.9) d^{Z{T,ujN)) = log(p)- < Z(T, (^at) ® >p, 
as in sections 7 and 11. 

The next result provides a partial analogue for the case of Hilbert-Blumenthal 
surfaces of the main results of [11], and [14]. 

Theorem 12.3. The modular form (j){T) has a Fourier expansion of the form 

T regular p<oo TeSym3(Q)>o 

Diff(T)={p} 
T not regular 

+ E ■ + E ■ 

TeSym3(Q) TeSym3(Q) 
sig(T) = (2,l) det(T)=0 

where 

C=-l.vol(50(y')Wpr(K)), 
and where = e'^'''^'^^^^ . 

Proof. First recall that the only nonsingular T e Sym3(Q) which contribute to the 
Fourier expansion of 0(t) are those T for which |Diff(T)| = 1 , [11], Theorem 6.1. 
Furthermore, if Diff(T) = {p} for a finite prime p , then the associated term in 
the Fourier expansion is holomorphic and hence has the form qt ■ q^ ■ This follows 
from (iii) of Theorem 6.1 of [11], since, in our present situation, the quadratic space 
V^'P^ is positive definite and hence the theta integral whose T -th Fourier coefficient 
contributes the r -dependence to the T -th Fourier coefficient of is holomorphic. 
Suppose that, in addition, T is regular, so that p\ N and, if p is inert in k , then 
p f T . Then Theorems 7.3 and 11.5 provide the claimed expression for the Fourier 
coefficient. Note that 

(12.10) q'^ = det{v)-'^ -W^ihr). 



□ 
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Remark 12.4. Obviously one would like to extend this result to include an arith- 
metic interpretation of all of the Fourier coefficients of (/)(t) . For example, consider 
the terms in the second sum for T 's with Diff(T) = {p} with p \ N but with 
p inert in k and p \ T . For such T 's one would like to identify ay with some 
kind of arithmetic degree of the one dimensional cycle 2(T, ui^) , where is as 
in (12.6), whose structure is described in section 8. For p dividing , one has to 
deal with problems of bad reduction. 

§13. On the hereditary nature of special cycles. 

In this series of papers [11], [12], [13], [14] we have investigated special cycles 
on Shimura varieties associated to orthogonal groups of signature (r, 2) for r = 
3, 2, 1, . In this section we make some remarks on the relations among these cycles 
in the various cases. 

Analytically speaking, this relation is fairly obvious. Quite generally, let (F, q) 
be a quadratic space of signature (r, 2) over Q . Let V <Z V be a subspace of 
signature (r — n, 2) of the form V' =< x >-*- for some x e F(Q)" . Denoting by 
G resp. G' the groups of spinorial similitudes and by T> resp. T>' the spaces of 
oriented negative 2- planes of V{M.) resp. (M) we obtain injections 

(13.1) G'^G , V^V . 

For K' ~ K n G'{Af) we also obtain a (generically 1-1) morphism of Shimura 
varieties 

(13.2) Sh{G',V)K' ^ Sh{G,V)K . 

Under this map, a special cycle for Sh{G', T>')k' defined as in [10] is mapped into a 
certain disjoint sum of connected components of some special cycles on Sh{G, V)k , 
comp. Proposition 1.4 above. In this sense the special cycles are hereditary for the 
various Shimura varieties, cf. also section 9 of [10]. 

For r = 0, . . . ,3 we have a moduli-theoretic definition of the corresponding Shimura 
varieties. In each of these cases the special cycles were defined by imposing special 
endomorphisms on the abelian varieties with additional structure parametrized by 
the model in question. However, in each of the cases the notion of special endomor- 
phisms depended on the moduli problem and the hereditary nature of these notions 
is hardly transparent. 
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Our aim in this section is more modest. We only wish to compare the infinitesimal 
deformation theory of a supersingular point of the moduli problem with values in F 
and of the special cycles passing through this point, for various r . By the theorem 
of Serre-Tate this leads case by case to the following deformation problems. 

r=3 (good reduction case): Def(^, A) , where ^ is a supersingular formal group 
of dimension 2 and height 4 and where A is a principal quasi-polarization of ^ . A 
special endomorphism is an element j e End(^) such that j* = j and tr'^(_7) = . 

r=2 (good reduction case): Def A, l) , where ^ is a supersingular formal group 
of dimension 2 and height 4 and where i : O — > End(^) is an action of O = Zp2 
or O = Zp ® Zp satisfying the special condition and where A is a principal quasi- 
polarization which is <, -linear. A special endomorphism is an element j e End(.4) 
such that j* = j and j o i(a) = i(a) o j , a E O . In this case, automatically, 
tr°(j) = 0. 

r=l (good reduction case): Def(.4) , where .4 is a supersingular formal group of 
dimension 1 and height 2. A special endomorphism is an element j e End(^) such 
that tr°(j) = 0. 

r=l (p -adic uniformization case): Def (^, , where {A,l) is a s.f. -module 
(here Bp is the quaternion division algebra over Qp ) . A special endomorphism is 
an element j e End(^, t) such that tr^(j) = . 

r=0 (good reduction case): Def{A,L) where ^ is a supersingular formal group 
of dimension 1 and height 2 and where l : O ^ End(^) satisfies the special 
condition. Here O is the ring of integers in a quadratic field extension of Qp . 
A special endomorphism is an element j e End(^) such that j o ^(a) = t(a) o j , 
aeO. 

To illustrate the hereditary nature of these definitions we now start with an object 
of the deformation problem for a given r and an n -tuple j = (ji,... of 
special endomorphisms and construct under certain hypotheses an object of the 
deformation problem for r — 1 and an (n — 1) -tuple j' = . . . of special 
endomorphisms of the deformation problem for r — 1 . 

r=3. Suppose that we are given (.4., A) and a collection j of special endomor- 
phisms with = 1 , or A . Then ji defines a special action i : O — > End(w4) , 



104 



where (9 = Zp © Zp or O = Zp2 , and j' = (^2, • • • ,jn) is an (n — 1) -tuple of 
special endomorphisms of {A, A, t) . 

r=2. Suppose that we are given {A., A, t) where we assume O = Zp2 . A collec- 
tion j of special endomorphisms with q{ji) = 1 (resp. ^(ii) = A) determines 
idempotents via (6.7) (resp. (6.13)) and hence an isomorphism 

(^, A) ~ (A,Ai) X (^2,A2). 

We also have a natural isomorphism from Ai to A2 , namely 5 (resp. i/j" ) in 
the notation of (6.5) (resp. (6.11)). Composing this natural isomorphism with 
32,- ■■ ,jn we obtain 

i2,--- ,Jn ^Ai . 

Since jl* = —j'i, it follows that tr°(j0 = and hence that {j2, ■ ■ ■ ,jn) is an 
(n — 1) -tuple of special endomorphisms of Ai . 

r=l. Let A. Let j with q{ji) = A or p or Ap . Then ji defines a special action 
i : O — > End(^) , where O = Zp[ji] . Furthermore (^'2, • • • , jn) is an (n — 1) -tuple 
of special endomorphisms of {A, t) . 

We remark that the hereditary nature of these deformation problems is a weak 
support of our conjecture on the singularities of the intersections of special cycles 
in the case of isolated intersections, comp. [12], Conjecture 6.3. In our present 
context of arithmetic Hirzebruch-Zagier cycles, the conjecture states that for an 
isolated intersection point ^ of the special cycles Z{Ti,u>i), . . . ,Z{Tr,u>r) we have 

(13.3) (Oz(T„c.O • • • (^^(T.,..))^ = {Oz^T,,.,) ® • • • ® (^B(T.,..))e • 

Hence the entity e(^) in Proposition 6.2 would be the intersection multiplicity in 
the sense of Serre. 

We close this section with a curiosity. Let us start with an object {A, A, t) of the 
deformation problem for r = 2 where O = Zp2 . Let j with = p (the case where 
ji = Ap is analogous). Then 7ip2[ji] = Ob'^ and i and ji define the structure 
{A^i') of a s.f. Ob^ -module. However, for z > 2, the special endomorphism ji 
anticommutes with the Or/ -action (in the sense of the main involution of Or/ ). 

p ^ P 

Hence ji is not a special endomorphism in the sense of r=l ( p -adic uniformization 
case) of the s.f. Ob^ -module {A^l') . We have no explanation for this seeming 
perplexity, except to point out that this remark seems to exclude a simple method of 
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creating bad singularities in the special cycles in the good reduction cases considered 
above. Note that, in the case r=l ( p -adic uniformization case), the special cycles 
can have bad singularities, e.g. have embedded components; comp. [13]. 
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